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) T ) T
, (derivative security)
(contingent claim) 6).
) T )
F(T) St (completely)
Ft) F(@S,t) ,t S
(payout) d: .,
0 LT
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® (Futures and forwards)
@ (Options)

5) “Derivative securities are financial contracts that ‘derive’ their value from the cash
market instruments such as stocks, bonds, currencies and commodities.” (Klein and
Lederman(1994), pp. 2-3 )

6) “A financial contract is a derivative security, or a contingent claim if ist value at

expiration date T is determined exactly by the market price of the underlying cash
instrument at time T.” (Ingersoll, 1987)




® (Swaps)
(basic building blocks)
, (hybrid securities)
. St

(underlying security)

@ (Stocks) : (goods) (services)

(“real” returns)
®@ (Currencies) : (liabilities) :
® (Interest rates) :

(notional asset)

: (bonds),
(notes), (bills) :
(debt instruments) 7. ,
(notionals) ;
8). ,
(cash settlement)
@ (Indexes) : S&P 500 FT-SE 100 (stock
index) . CRB (commodity index)
7) : T - bonds, T - notes, T - bills
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® (Commodities) :
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(financial assets) ,
(goods) ., (physically)
3.1

(cash-and-carry markets)

v (currencies), T -bonds

; (borrow)(

) : (buy)
(store) : (insure)

, , T-bonds , T -bonds

9).
(pure cash-and-carry)

9) , , . (environment)
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: (marked to market) .,
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(obligate) : :
(right)
S

(strike price) K (right)

(expiration date) T : (premium) C
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(American options) :
(arbitrage-free price) C
t (written)
C : :
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4)
, K
, St
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C:= max[S; - K, Q0] (6)
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1
(arbitrage pricing methods)
T - bill
. commission
fee ,
2. (Notation)
2.1 (A sset Prices)
t ’ ’ ’ Sl
symbol
SHQY)
St: E
Sy (1)




Sa(1)

Ss(1)

Sa(1)
S4(1)

SO| Sll...lstl St+ 11.“

t Z€ero

te[0,00)

t<s

2.2 States of the World

(uptick)15)

2.3 Returns and Payoffs

(pay offs)

15) : (uptick)

(states of the world)

(downtick)

(states)




d.ll

24 Protfolio

Z€ero

le

(returns)

’N}

3. A Basic Example of Asset Pricing

(payout)

(commitment)




; ( )
1 (Arbitrage Pricing Theory)
10,000 : :
16,000 8,000
12,000
2
0% C )
16,000

4,000 8,000

, 16,000
12,000
8,000

4,000x 05 = 2,000
2,000
, 2,000

3,000 5,000

(economic value)

16,000
4,000

05
2,000

2,000 :

lover 2




ix 16,000 = 8,000

' 2
3,000 5,000
4,000 4,000
1,000
0 , 3,000
%X 8,000 = 4,000
1,000 2,000
1,000 (riskless profit) :
1,000
Arbitrage Pricing T heory
So.,
S, S, = 10,000 S, 16,000 8,000
(random variable) 0= {wwy} , S
Si(w,) = 16,000, S;(w,)= 8,000 P
P(w,) = 0.5 P(w,) = 0.5 X
X=(S;.K)" : K = 12,000 X (wy) = 4,000\X (w,y) =0
X P Ep[X]=
(16,000- 12,000)x 0.5=2,000
Q S; Q Martingale
Q(wy) = 0.25,
Q(w,) = 0.75 ( , 16,000x 0.25 + 8,000x 0.75 =10,000), Q

(Risk neutral probability measure)

Martingale measure

E o[ X] = 4,000 0.25= 1,000 ,

(Risk neutral valuation principle)




(Risk neutral vauation principle)

S, (stochastic differential equation)
dS;= 4SS+ 0Ss,
mu sigma . r
drift

Girsanov
(measure) Q

dS;= rSy+ GStth W Q
(Brownian motion) T X X=(St. )" ,

K : 12,000
Arbitrage  Pricing  Theory t=0
e ""E o[X]
3. Black- Scholes

t S, X C(t, x)
C(t,x)

C(t,x)= e "T"VE o[X |S;= x]

aC+—;o‘ZSZ

2
P gg’+rsﬁ-rC:0 ,

S 0S

Black - Scholes

C(T,S)=(S- K)* t=T , (well-posed)

C(t,x)=e "T"VE 4[X |S= x]




C(t,S)= SN(d,)- Ke" " 'N(d,).

2
X

d PR S,
Nz e [ e
62

IogS/K+(r+ —2)(T- t)
di= N Tt
d2: dl- (7\/ T' t
Black - Scholes Black - Scholes
Scholes  Merton 1997
.(Black )
: (long position), (short sale)
(dynamic hedging)
volatility sigma’
Black - Scholes
(
15%, ) k
Hamilton- Jacobi-Bellman
: A oV
min (- (—ay (1+ k)S—aB ),
oV oV oV oV OV . 1 2.29°V.\, _
sy - (1S5 .- (Gg+ Bgg+ uSGg+ 5 S 57))=0




Crandall

viscosity solution

(IMF)

SK

Fields PL. Lions

JP.Morgan
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Risk

Risk

Hard Analysis

, stochastic programming
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1. Instroduction

1.1 Information Flow

standard

1.2 Modeling Random Behavior

4 dt

Ito Integral Deterministic

Riemann Integral




Series Expansion( )

- ( )T aylor

- Stochatic differential equation

2. Some Tools of Standard Calculus

3. Function

3.1 Random Functions
y=f(x), x&A
we W : (The state of the world )

f xeR we W

f: Rx W-R
y=f(x,w), xeR,weW
X . F(x,wy), f(x,ws)

(tranjectories)

w randomness f(x,w)
stochatic process

Stochastic process ramdomness

3.2 Examples of Functions

321

1 1
Tortart ittt

n—ooo -> e

random function




f(x)=¢€" :

dy _ ol (0 df (x)
dx dx

3.2.2 Logarithmic function

X

y=e
-> log (y) = x

3.2.3 Function of Bounded V ariation

0: toétlétzé'“étn = T

f: [0, T]-R

() - 1t )]

Vo= max DLF(t)- F(t,. |<co

i=1

Vo @ ()

[0, T] f

3.24 Example




4. Convergence and Limit

Q1. deterministic Xn

?

Q2:

4.1 Derivatives

smoothness

-> chain rule

-> y=1(x)

e fxr ) - f(X)
fx= lim Y]

411

f(x)= Ae™

fo= A - rae™ = rf(x)

X dx




412
fx+A)~f(x)+f, -4

->

413

4.2 Chain Rule

chain

Definition

dy _ df(g(t) dg(t)

dt d(g(t)) dt

-> chain rule

-> g(Y) f(g(t))
t g(t)
f(t) X X deterministic
X randomness
X; random ?
chain rule ?

chain rulw




-> chain rule
4.3 Integral

43.1 Riemann
definition

max i[t;- tj. 4|—0

.Zf (%)(ti -t ) fOTf (x)dx

43.2 Stieltjes Integral
df (x) = f(x + dx) - f(x)
df (x) = f,(x) dx

h(x) = g(x)f«(x)

> f:”h(x)df(x)

df (x) = f (x) dx

T ~ < i+t
> [Te9d (9T Ba—5 (1) - 1t )

max [t;- t;. 1|0 , Riemann- Stieltjes integral
-> X f(x)
->

1. deterministic
2

- Stieltjes integral

2. rectangle

?

3. rectangle ?




43

4.4,

fOTft(t)h(t)dt: [f(T)h(T)- f(O)h(0)] - fOThi(t)f(t)dt

5. partial Derivatives

->
Ci=F(SiY)
OF(Sp, 1) _ E -
dS, s
JdF (S, 1)
ot !
51
5.2 (T otal Differentials)
t

dc,




of (S, 1) of (S, )

> = [ g S [ Tt

5.3 Taylor series expansion

Definition

FOx) = f(Xxo) + Fu(Xo) (X~ Xxo) + Elfxx(xo)(x' Xo)®

+ 3_1!fxxx(X0)(X' X0)3+
= 2 e (x- xo)'

53.1
53.2

B,= 100e """Y >0, te[0, T]
r.
B, : T

-> 1 Taylor series expansion

(T- 1t r(T- ty)

y.= 100e '+ r100e (t- t), te[0, T]

.| 12]
-> 2 Taylor series expansion

B, ~100e """+ r100e” T (t- ty) + % r2100e "7 Y(t- )2, te[0, T]

1 13]




L (T- (- 1)+ 3 (T- 0= rg)f], te[0, T],r>0

dBB‘ (T (- 1)+ 3 (T- D= rg)7], te[0, T],r>0

e

-> term :

term

5.4 Ordinary Differential Equations

dB,= - r.Bdt By, r;>0
-> B, t

tdB, t
B, fo rydu

t
InB,- InBy= - forudu

- folr,dt
B,= Bye (let B,= 1)

- folrudu

“B,= e




33X+ 1=x
2. matrix
Ax- b=0
3. ODE :
dx
ot - @it
X = f(1)
-> dB,=- rBdt
- frudu
-> B,=e ”
->
4.

t
fo(axs+ b)ds= X,

(YN

1. Introduction




equivalent martingale measures)

Equation ( PDE

, PDE

PDE))

F(Stl t)
F(Stl t)

method)
F(Stl t)

(PDE)

(Pricing Fuctions)

S, t F(S:t)
F(Stl t)

B-S)

2.1 (Forwards)

(Method of

(Partial Differential

(numerical

. Black-Sholes(

F(Stl t)

F(Stl t)




F(Stl t)

T
t T
=
t
) (
F(S,t)
t
(ro)
-
T
T

(1)




r(T- 1)

F(St) = e +(T- tec 3)
, S, t
F(Stlt)
t F(Sit)
F(S, 1) S, t (variables)
C, Iy, T
(T-1) - (3) F(Sut) S
F(S:it) B-S
B'S St
2.11 (Boundary Conditions)
t - T @)
C lime T %=1 )
=T
ry (random
variable) 3)

St =F(S+,T)




St

Sy

22 (option)

F(Su1)

(risk-free rate)

(strike price)

(t<T)

B-S

F(Su1)

Ci= F(SuY)

F(Stl t)

F(Stl t)

ds,

F(Su 1)

1>

()

1>

ds,




dc,
A
.S, ds,
, <
aC,
dc,

, <
ds,
F(Stlt)
F _ aF(Stlt)
ST 73S,
1> dcC,
, F(S,t) S,

g(t)

d[F S+ d[F (S, 9)]=g(9

1>

, 0C,

F(Stl t)

F S,

(8)

©)




Fs C,
(delta hedging)
(portfolio) (delta neutral), Fe (delta)
ds; dC, = dC,
(hedge)
< 2> . S, ds, , dc,
- FsdS; : : (continuous time)

3. Application :

(partial differential equations ( PDE))

) F(Su 1)

ds, :

dF (S, t)
(2) 3

Stl t F( ) . )

dF (S, t) = FdS,+ F .dy,

(11)




» Fi
dF (S, 1)
3). (11)
F()
, dF (S 1)
(11) Fs
: F(Su 1)
(). (11)
dF (S.t), dSt d,
(11)
(). F()
F(Stlt)
4.

(random variable)

oF
’ Fs: ast ’ Ft:
, Ft
?
, F(S, 1, S,

(continuous time stochastic process)

(12)

IN OI




dF () = FdS,+ F ,dr + F dt 2 (18)

‘NOI . ,
4.1 (A First look at Ito's Lemma)
dF (t) = FdS.+ F dr + F .dt (29)
F(G) (19) : :
(19)
(univariate Taylor series expansion) . (%) xR
. XoeR f(x)
f(x) :f(x)+f(x-x)+—lf (x-x)2+if (X- Xo) %+
0 X 0 21 ' xx 0 31 XXX 0 (20)

[s]

> o) (x %)

df (x)=f(x) - f(Xo), dx=(x- Xo) :

dF (t) = FdS,+ F dr + F dt

. (dS)?, (dr)?
, ds, dt,dr,




(23) : dt t
(do? (dp®  dt
(ds)?, (dry)”
. (dSy)?, (dry)? . , dt
dt
(ds)?, (dry)?

dt “ ”
(dst)zn (drt)2 0
dF (1) = F(1)- F(t) ) ) (24)
= F.dS,+ F dr,+ F dt+ ?Fssdsz+ EF”drf+ F,dSdr,

(stochastic calculus) : ,

, (chain rule)

4.2

F (St (partial derivative)




, (partial differential equation F(G )
(boundary condition)

(parameter)

1997 (Myron S. Scholes)
(Robert C. Merton)

Long-Term Capital Management

1995 (Fischer Black)

. 1987 ;

Forbes
1969 ,
31, 28
Arthur D.
Little ;
MIT
MIT : (warrants)
( 1983

). (Paul Samuelson)




1970 ,

"T he Pricing
of Options and Corporate Liabilities" -
Journal of Poalitical Economy 1973 ,
(Chicago Board Options Exchange) : -
, 6 T exas Instruments -
Wall Street Journal
. 1877
(Charles Castelli) Theory of Options in Stocks and Shares
100 -
, 1900
(Louis Bachelier) Therie de la Speculation
1962 (A. James Boness)

A Theory and Measurement of Stock Option Value




1.
(toals)
(binomial process)
2.
(probability space)
(state of the
world) . @ . 0
@
(event) 1)
3 . A (Aeg),
P(A)
P(A)=0, any AesJg 0
fAEde(A): 1 1
dP(A) A

{2,3,P} .0 @ (randomly)




P(A), AcS @ A

2.1
2 : USDA
@ . USDA

(event) :

2.2 (random variable)
X 3
Aeg
X:3I—>B

G(x) = P(X £x), G(-) X

G(x) X
9(x) = SG

(technical condition)

G(x)

» P(

G(x)

G(x)




3. (moments)
3.1 (First Two Moments)
f(x) X E[x] 1

[e¢]

E[X]= f xf(x)dx

E[X - E[X]]? 2
1 2
.2

(volatility)

3.2 (Higher-Order Moments)
3
(heavy tails)
321 (heavy tails)
Heavy tails ?




sigma fields

’

LElhs...el Sl S..., where t; i=0,1,...
filtration
4.1
f(x) v Xo

, (small) dx

d
P(|X- Xogl éTx)zf(xo)dx

e v f(X)

(conditional density)

' f(x|1)
411 (conditional expectation operator)

“ (averaging)”
(average)
u St
( )

E[S | 1= [ _Sif(S/[1)ds, u<t




[f(Scl1,)dS]

.(incorporated)
4.2 (properties)
E[- [1]=E,
E S+ F()]=E,S]+E,F(t)], u<t (
)
EulEwr 1(Str 14 0)] = B[St 14 4] lis 1 t
Eve 1[Sts 744l
Eve 1[Sts 744l . (t
) Sweres
5.
5.1
F (1)
4
t
AF ()= + a/d, a>0
AF ()= - a/d, a>0
AF ()~ i 4
t, 4 AF (1) (binomial random variable)
AF ()

P(4F () =+ a/d) = p,
P(AF(t)=- aVd) = 1- p,




4F (1) : 4F (1)
(binomial stochastic process) (binomial process)
(stochastic process)
(random variable)
5.2 (limiting properties)
AF (1) 4F (1)
4
(limiting behavior)
4F (1) (path) ?
12 o {4F (1), t= to, tos 400}
+a/d - a/d
AF (1) (price process) . F(Y
?
F (1) t , F(Y to
t
F (D)= F(t) + ftdF(s) as 4 —0
, F(t)
(infinitesimal) t
drF (t) F(t)

(trgjectories)

(bounded variation) ?

. F(1)

Riemann- Stieltjes




(random process)

5.3 (moments)
t . AF (1Y)
E[4F ()] = p(aVd) + (1- p)(- aVd)
Var[4F ()] = p(a/4)®+ (1- p)(- a/d)®- [E4F (9]

p= % 0 : a’A
4
4 0 4
| (quantity)
AF (1) + ad - ad
. 4-0 0

(V4

54

_(F(O)+ a/d with p
F(0+A)_{F(O)- a/4  with 1- p

(0)+ aVd+ aV4d  with p?
F(24) = JF(0)- a/d+ aV4d  with 2p(1- p)
F(0)- a/4- aV4 with (1- p)®
F(0)+ aVd+ aVd+ a/d+ aVd+ aV4  with p°
F(54) =

F(0)- aVd- aV4d- aVd- aV4d- a/4 with (1-




n—oo , F(nd) . 40

(4n )
n—oo A F(nA)
?
A4-0 nA F(nd)
2
- F (1)
n—oo ?
2
(central limit
theorem) (weak convergence)
ng—oo F (nd)
4 “ (large)" n, F(nd) 0, a’n4
(density ft)
1 2
1 " 2atna
F(nd)=x)=
D=0 = ez ©
closed-form )
n n

(weak convergence)




5.5

Brownian Motion Wiener process
. “Jump”
“lumps” ?
ti, i=1,2,- jumps
, jump
4 jump
( 0 )t jump
(poisson counting process) N
4 jump
P(AN,= 1)=]4 A intensity (+)
0 O(nil)
? P(AN,= 0)=1- A4
jump “ i
(trgjectories) jump
(path)
4 n jump

-4 n
P(AN,= ny= & (A

n!




XOIX 1’...’X nytt

limE[X ,- X]?=0

n—oo

X (mean square) X
X=X+ g, (ramdom

approximation error) &, n

n y &n 0
6.1.1 (MSC:mean square convergence) relevance
Ito Integral (sum)
P(| limX,- X |>8=0,( §>0)
X, X (@most surely)

6.1.2
Sy

to < t0+A < t0+ 2A <err < t0+ nA: T

- Sto+id[sto+(i+ n4- Sto+id] (1)

S ds, (2)

2) X, . (1)

( :random) 2




6.2 (weak convergence)

X P,
ETT(X )—EPF(X)  (f(-) , )
X, X limp,= P (., P X
)
6.2.2
n—oo Sa(1)
n Sa(1)
n S, (1)
7.
(stochastic process)
chapter 6. Martingales Martingale

1. Introduction

E[Sisa- SJ=0

2. Definition




© martingale

© submartingale

© supermartingale

2.1. Notation
© t:

© {S,te[0, o]} :

© {l,t [0, oo]} : filtration ( )

© S;: [0T]

@ St ti

© {t} [0, T]

© S t>0 l

{Stlte[ol OO]} {ltlte[ol OO]}

2.2. - martingales

© {S.} process
=> E[S:]=E[S:I], t<T

: t S, S,

© Definition

martingale




martingale
t>0 :

process {S,,t [0, oc]}

© martingale

1. martingale

2. martingale

4. martingale
5.

martingale

©
martingale

©

martingale

martingale

martingale

Xy

. => martingale

martingale




T
B(<[E{B,]] t<u<T

=> martingale

Sy
EdSwa- S=pd

7

© supermartingale

- (
supermartingale
© martingale
martingale
=> martingale
© submartingale martingale
1. e "B, e "'s,

sub supermartingale

martingale

( chapter 7 )

martingale

martingale ( )

Doob-Meyer




2. submartingale

=> equivalent martingale measure (chapter 14)

4. martingale

S; martingale

E"le ™Sy /=S, u>0

=>martingale

© martingale

© E"[Xualld=X,
martingale ?

=> martingale

1 -> martingale
2. jump -> martingale
ex) ppl107 108
figure 1 - martingale
figure 2 - martingale
= 1,1, 1 jump , martingale

© continuous square integrable martingale =~ Brownian Motion

* process . => E[X{]<oo




* Brownian Motion martingale

* Brownian Motion
M otion
4.1
© martingale
@ ‘ 1 3 1
NE t
NE t
1.
=> M= N7- NY
M, martingale
2.
= M, submartingale
© martingale

5. martingale

© {X}: continuous square integrable martingale

Brownian




© variation (

©
©
© vV
Q) Xy
© 3
1 &
2.2
->
3.
->
= 1. V!
2.

) VEoviE K- X |
tl' ti-1 Xt
n
VELViE B - X, P
X Vi oo
V2

martingale

, martingale

square integrable

continuous square integrable martingale

V2

martingale




6. martingales

1. Brownian Motion

© Xy

Brownian M otion
AX N(ﬂA,O‘ZZ’)

t+ T
Xt+T:XO+J(; dX ,

EdX ]l = X+ pT

=> Xt

martingale

© deterministic
Zi= X - pt

E [Zt+ T]

=> Z, martingale

© A
A4S, N(0,6°4)
Z,= &
E[4z,]= &4

=> Z, martingale

Xy

martingale

St




© Z, martingale

EdZyr- A(T+1)]=2,- ot

3. process

© AX, N(ud,d’d)

{eX - S
Si= e y a , Xy
Q1) martingale ?

Q2) S, martingale

?
Q3) X,
4, martingales
© N,
N,= N,- A t: martingale
integrable
= process

7. martingale

- Doob - Meyer decomposition

N

g(t) =t

martingales




7.1

* Ito
*
1.
©
=>
; path
© : path
2.

7.2 Doob-Meyer

© Doob - Meyer
t
-> {S.}: submartingale
submartingale
-> S, =- (1- 2p)(k+ 1) +2Z,
term deterministic
martingale . Doob - Meyer decomposition

=> process

term




process ?
Theorem
X 0<t<oo {1} submartingale
t E[X <o Xt
Xi= M+ A,
, My martingale
t lt
jump
t process martingale
process jump martingale
© Doob Decomposition
© Hy, oy
Zy 1y P martingale
Kk
M= Mg+ izlet_l[Zt" Z; ]
© dz, t 0 ,




1
M, = Mg+ fOHuolzu

?
© Riemann- Stieltjes

?
8.1

©
@ St t
© St
dS;= o dW,
©

t+ T
Swr=Sc+ [ adw,

t+ T
© E‘[ft 0, dW,]=0 :S, martingale
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Chapter 7. Differential in Stochastic

Environments




1. Introduction

f(x) X X f(x)
df (x) = f,dx
1 fX X
’ St
« ) S ?
(stochastic variable)
(continuous-time stochastic process)
1) ?
(2) dynamics( : )
?
(3) randomness
? random
? (stochastic differential
equations:SDES) ?
7 SDE stochastic
SDE
; S, SDE
dynamic

dS,= a(S,, ydt+ b(S,, )dW,




, dW, dt

a(S,,t) : drift coefficient

b(S;, t) : diffusion coefficient

W, : randomness ,
process : deterministic calculus
ds,, dw
2. Motivation( )
, S, , F(S.1) , stockbroker
«( ) ds, : ds,
dF , , ds; drF . ?
“Chain Rule" ,
"Chain Rule" ?
oF
dFt: K dSt
3
fim R T g
h—0 h
, f,<o0
X X f(x)




f(x) random process X ,

Xo f(x)

FX) = F(x0) + F(X)[X~ X0l * 5 Fu(Xa)[X= Xol2+ (X)X Xo]*+ R(X, o)

, R(X,Xq) (4 . : (x- x0)*)

AX= X- Xg , R(X,Xg) ,

F(xo+ AX) - f(xo)=F (AX) + Elfxx(Ax)2+ 3—1|fXXX(AX)3
. AX X
, f(x) X ,
AX
21 TRIANGLEX)? ;X (AX)2  Ax
. AX (AX)? ,
X AX
AX 0 , E[Ax]2>0 AX random
3
F(Xg+ AX) - F(Xg)~F AX+ EleXE(AX)Z
. (Ax)?
(AX)? (AX)? (mean square

limit) . h—0 o’h




(ax)?

X random
F(Xo+ AX) - F(Xg)~F AX+ %fXXE[(Ax)Z]
1 .
f(Xg+ AX)- f(Xg)~f,AX+ Efxx[x ]
, X (Ax)?
X : (Ax)2
f(Xg+ AX)- f(Xq)~f,AX
+ AX)- F
Ax ’ (Xo X) (Xo) ~f,
AX
f(xg+ AX)- f 2
, AX lim (Xo X) (Xo) =f,+ lim ifxxﬂ)—
h—0 AX Ax—0 2 AX
, AX—0
3. A Framework for Discussing Differentiation
(framework) SDE
dS(t) = a(S(t),t)dt+ b(S(t), )dW,
) , SDE

(time interval) t=[0, T] : n

0= tpg<ty;<..<t<..<t,=T




h:tk' tk-l ) tk: kh
S, = S(kh),
AS.= S(kh)- S((k- 1)h)

' ASk h ( St)
K AW

AW= [Se- Sy. 1]~ Ey. o[ Sk- Sk. 4l

Eval- ] k-1
Sk- Sk-l ) Ek- 1[Sk- Sk- 1] k-1

I 1

A W (Innovation)

AW, (k- 1) .
I AW,
k- 1 (lk-l) Ek-l[A\M(]zol ’ Ik
Evl A W]= AW
AW : (martingale
difference)
W, = AW+ ...+ AW,
k
= 2 AW
=
, W, O
AW,
Ev. W = By 1[AW+ ...+ A W]
= AW+ ..+ AW, v E (AW)=0

We- 4

AW dW




4. The "Size" of incremental Errors

AW, , (AW)?

AW, , (AW)°

Stochastic process

Merton
Merton A W V
V= EO[AWkZ]
n 2 n
V= EO[k:zlwk] = k:zlvk
. AW k : Cross Product
. ( ’ A\Nk 0 )
1: V>A,>0
, A n
2 V<A,<oo
v Ay n
: (system)




Vi

3: Voo >A,;, 0<A;<1
, Ay n
Propostion : 3 AW, h
E[AW]?= o2h
. Ok h , k-1
Proof)
Vi
3 >A;  Vie= AgVoa :
Vmax
n n
23 Vi > A3V ing, 2 Ao> 20 Vi A 5V g,
1A,
Vinax < A, *)
T 1A, h A,
= ST A, T Ve > Vi ThA, oV
n n
2 V> A Ve > 20 Vie > Ay
3 Vi>A 3V n
1 Al
Vmax >T ?h , 3
AA,
Vk>A3Vmax > T h
AdA,

Vi>—s—h (**)




h A, AdA,
* * % _ _
( ) ( ) T A 3 > Vk > T h
h upper bound lower bound

Vi = E[A W] = gth

5. One Implication

Var[o, A W] = c2VarA[ W] = a2h , Var[A W]=h

AW =h

Limit . AW

| Wi- ghn = Wk yn |

in h
W, . h—0
. | W(k- Hh+h” W(k- 1)h |
thO h —0
h1/2
A W=h f(h) = —;
) h 0 o

6. Putting the Results Together




| Wi- phsn= Wi gn |

Si- Sk. 1= Ev. 1[Sk- Sk. 1]+ oA Wdptjj |hiLr(l) 0
.1 innovation , Var[A W] = h
Er. 1[Sk- Sk. 4l . 1
. 1 h
Ev. 1[Sc- Sk.1d=A( 4, h)
CA(C)
A(le. ,hy=A. 4,0+ a(l,. ;,)h+ R(l. 1, h)
, A() h smooth R(l. 1,h) 0
v Al 1,0) :
E. iS¢- S¢. ]=a(l,. ;,kh)h
Sk- Sk. 1= Ey. 1[SkSk. 1]+ oA W
Sk- Sk. 1= al(lg. 1, kh)h+ gy [ Wep - Wik 1]
h—0 SDE
ds(t) = a(l, t)ydt+ g, dWt)
SDE  dirft a(lt) diffusion o,
6.1 Stochastic Differentials
random , dS;, dW,
Ito integral . Ito

integral SDE




8

(The Wiener Process and Rare Events in Financial Markets)

1.
, , . , (liquid
instruments) " (rare)”
“ (extreme)”
" (extreme)" " (rare)" ?
(turbulence) ¢ (rare events) ?- (Is turbulence in
financial markets the same as "rare events"?) (rare
events)
(characterization)
" (rare events)"
(turbulence) : (volatility)
h , (normal
events) (size) “ (ordinary)"
" (ordinary)"
(moment) 7 (normal)"




(normal events) h 0 (

)
zero
h—0 zero : (size)
. 1987 market crash “ (rare)" : :
crash
crash 10
o AW, (the surprised component) E[o.AW]?= ¢°h .
oV h
“ (standard deviation)" (~
) : ( . )
h (h ) h
: (h ) h

(rare events)

(normal events)

1.1 Relevance of the Discussion

(discontinuous paths)

(practical) ?




jump
(formulas)
(capital requirements)
?
“ (value)" . value-at-risk
measures
jump
jump value-at-risk
value-at-risk

(value- at-risk)

2.
" (ordinary)“

(systematic, ) jumps

3. SDE (SDE in Discrete Intervals, Again)




(finite interval)

h SDE
Sk- Sk. 1= a(S. 1, Kh+ o(S. 1, K AW, , k=1,2,--,n,
a(Sy. 1,k)h Si- Sk 1
drift (component) . AW
“surprise” innovation : innovation
h . o(Sk. 1, k)2 (proportionality)
(factor)
4 AW,
AW,
1 with probability p;,
G AW, = :2 with probability p,
m with probability p,
w; innovation o AW
Pi . m
W, . “ (normal)"
Wl ’ W2 ’ W3 ” “
Wy, Ws, -




W11W21W3
1'3 . dkAWk
h
E[adW]*= ¢’h
Ok -
4 ) (notation)
4 A\Nk . Wi
Pi

2

Var[ g, AW] = i:zlpiWi

proposition

.Zpiwizz O'ih.

=1

&“

zero . (weights)"

( zero) h zero




Pi, Wi

Piw;
piWi2: cih

(factor of proportionality)

pi(h)w;(h)?= ¢;h

M erton (1990)

(22),(23)
q; zero

)

Z€ero

Z€ero

(18) AW,

Piw;

h
pi= pi(h), w;= w;(h)
pi(h), wi(h)
wi(h)= wih" "(h) = p;h”
Wi p
, ri= 13
, h
rl qi
ri
a;
rl qi
piWi2: 7Vi2 Bihzr‘hq‘

(22), (23)

h

I

(absolute,




(normal) (rare)

Sk- Sk. 1= a(Sk. 1, Kh+ a(Sy. 1, K) AW, k=1,2,--,n




dS,= a(S,, )dt+ o(S,, )HdW,

SDEs ds, dw
h
(sample paths)
(modification)
random, dwW,
h
h—0
innovation (random) jumps
jump
jump
AW AN
1 jump
k- 1
N, - N, = {1 w@th probab@l@ty Ah
0 with probability 1- Ah
A k-1 A
ANy = Ny - Ny
AN A 1 jump
Nk
1 h 1

SDE




2.t h ( )
3 A

; jump (rate)

(adjustment)

, N, . SDE Zero mean

innovation dN
Ji= (N¢- AY)
AJy  zero mean Jo (
) 02(Sk. 1, K) jumps

(time- dependent)

jumps

Si- Sk. 1= a(Sk. 1, K)h+ 01(Sk.

jump dJ(t)

02(Sk- 1, k) Ay

1,k)AVVk+ Gz(sk_ 1,k)AJk, k: l, 1,"'

dWt) t

Z€ero

jump




SDEs

4s, AW

SDEs

(disturbances)

dynamics

dS,= a(S,, )dt+ [01(S,, )dW+ 05(S,, ) dI(1)]

S, (expected change)

surprise component

&“

d W,

ay(y) “ (large)"

(unexpected components) dJ,
dJ,

dl(stl t) GZ(Stl t)

(small)"

(rarely)




9 (Ito )

- Integration in Stochastic Environments (T he Ito Integral) -

1.
operations (differential
equations) : dynamics
dX
g = AX.t By, t>0
dx
at t X4 Vi (exogenous)
A B 16)
) Yi * X
X ¢
A7)
. Xy
dXx /dt expansions
16 B=20 - Y t
sy stem .
17 : X

X {y}




X dX ,

( Xo=10 )
t
fodx =X
“news"
, dynamics
dX ;= adt+ ¢ dW, te[0,o0),
dx /dt dX , dt, dW,

h
t+ h
Xion- X = ft dX
dX |
ds, dw, . lIto
S, dynamic SDE
dS,= a(S,, f)dt+ o(S,, )dW,  te[0,00). 5)
t t t
fodsu_ foa(su,u)du+ foa(su,u)dwu, ©)
W,
5 7
\A/t h “ bl \A/t
h 1/2 h 18)




1.1 Ito SDEs

Ito
t
[ otss waw,
(5) SDE
t+h t+ h
Spu - S‘:ft a(su,u)o|u+ft a(S,, u)dW,,
h
7 8
differencee approximation) . h , smooth
S, u a(s,,u) o(S,,u) ue[0, )
t+h t+ h
Siis- St%a(St,t)ft du + a(St,t)ft dWw,
Sten- SiEa(Si, h)h+ a(Si, )[ Wean - W]
AS=a(S, hh+ o( S, ) AW,
SDE
(approximation) : ., EdSiin- Si
1
EiSwn- Sd=a(S,th.
, a(S,,u), o(S,,u), uelt,t+ h] u=t
18 h Wen- W .6

12
h/

(finite




a(s,,u) o(Sy,, u) smoothness

dS,= a(S,, t)dt+ a(S,, )dW,

t+ h t+h t+ h
ft o|su:ft a(su,u)o|u+ft a(S,, u)dW,

Ito sense h—0
t+ h
J.atsy, wawa(s,, haw, (14)
, SDEs  diffusion Ito
W,

a(stl t) G(Stl t)

| --measurable

1.2 Ito

Ito . Practitioner

Ito

Ito

Ito

. practitioner  Ito SDEs

. Ito
; Ito
. SEDs Ito
, SEDs




Ito . SEDs

(approximation) , (14) h o« »
Ito
“1  (one
day)” SDEs
Ito
A4S, = ash+ 6, AW, k= 1,2,-,n,
dSt: a(Stlt)dt+ G(St,t)d\M, tE[O’OO)
t+ h
ft (S, , u)dW, dw,
2. Ito
Ito (random)
Riemann- Stieltjes
dw,
t W,
t
W= faw (17)
© zero . W= 0

) (stochastic integral)




SDE innovation term

fota(su, u)dW, (18)
a7y (18) summations
e>0 daw, dW,..
(erratic terms) : ;
( ) (unbound)

2.1 Riemann- Stieltjes

X F(x4)
F(C-)
dF (xy)
=)
f(-) Reimann- Stieltjes

[Tz [ oF(x)

t 0 T X, CoLx
fC-) dx ¢ : ( )
Riemann
, F() - FC-)
[Catxac ) 1)
F(C-) g(Xy)
F(-)
Xt t g(xy)




Elg0]= [ _g(x)dF (x)

X (-) (-)
g(-) drF(-)
(1)  (22)
t t Xt
(22) ot (-)
Xt
, Riemann- Stieltjes
Riemann- Stieltjes
T
Jaeodrx)
Riemann- Stieltjes
= 0<t1<“'<tn- 1<ty = T

Riemann Sum V,

Vo= Ba0)IF (6, ) - F(x)]
9(Xe, JIF(xy,,) - F(xy)]
OF (x)

g(xy, JIF(xy,,) - F(xy)]

a( +)

g(Xy,,)

19 g( )

(22)
dF(-)  g(-)
0 T
(-)
. Ito
[0, T] n
Xy
1

[F(xy.) - F(xy)]




, [0, T]
: g( )

(approximation)

lim S3g0x, )IF ()~ FOx)I= [ g(c)dF (x)

Riemann- Stieltjes
(definition)

V, Riemann Sum

2.2 Riemann Sums

, Riemann- Stieltjes

h SDE

Sk- Sk. 1= a(Sk. 1, K)h+ o(Sk. 1, K) AW,

(27) 4s,

k=1,2,---,n

:Zi[sk- SHE :Zi[ask_ e :Zlg(sk_ LA

Riemann- Stieltjes

St ( )

[ ds,= tim fSias, s an+ Sots, 1 kraw}

T = nh
(29) k
h

, smooth

Riemann- Stieltjes procedure

20

20)

Sum

(27)

(28)

(29)




, (28)
[ We- WL 4]
SDE
Z€ero
limE

n—oo

2.3 s lto

fOTa(su,u)du: LLrgmk:i[a(sk_ L k)]

I 1

oS 1 KW W]

? random  (33)
. Riemann- Stieltjes

(deterministic)

?(, (33)
?)

(random sum)

2 oS- 1, K[ W~ W]

(sum) lto

[k:ila(s- K- 1,60 We- W ] - fOTa(Su,u)qu]Z: 0

(33)




Ito

Sk- Sk- 1= a(sk- 1,k)h+ G(Sk- 1lk)[vvk- Vvk- 1]1 k= 1,2,"',n

[ We- W 4] zero

1. o(S, 1) non- anticipatve

2. o(S;,t)  “non-explosive"

E [fOTa(St, t)zdt]<oo

Ito

T
J; ats.vaw

S o(Se 1 W We il [ a(S., AW as neo(hs0)

Ito
) . 0(Sk. 1,K)
nonanticipating

, . , Ito

nonanticipative : ;

Ito

Ito "pathwise”




3. Ito

dS.= a(S,, dt+ o(S,, HdW, [0, T]

T T T
deSt: fo a(St,t)dt+Ld(St,t)dV\/t ,

Ito . ?
3.1 Ito
Ito
innovation terms
innovation term . ,
t+ 4
ft o, dW,
4 (disturbances)
t )
difference

t+ 4
Et[ft auqu]: 0

fotaud W,

t S
Es[f0 auqu]: foaudwu, 0<s<t,

, (dynamics)

innovation terms Ito

nonanticipative




3.1.1 1
(volatility) o( S, 1) S,

o(S,t)=o¢

Ito Riemann

t+ 4
7 oW, = ol W - W)

(forecast)
t+ 4

E{f0

adW, | fotadwu} fotadwu:a(wt- W) o ( 450 )

zero (uncorrelated)

E[o(Wig- W) | (We- W- 0)]= E[a( Wi g W)+ a(We- W) | (Wi- Wo)] = o(V
, Ito 21)
, O , Riemann Ito
3.1.2 2
. W S ¢ , Ito Riemann
Riemann

, diffusion term

(S, 1) = a(Sy)
Ito Riemann , 1to Riemann

(selfcontradiction)

3.2 Pathwise

21 W= 0

Vi- Wo)



pathwise

2
[0, T] A
Si.,- Sy, i=1,2,-,n,
_ V4 with probability p
Stou Sy = {FVZI with probability 1- p
T=n4
(process) (path) +V4 - V4
AN, - VANA,-}
V,= S31(S, )IS,.,- S
] t(soas,
S, (path) Vi
+V4 - V4 .
(VA,-VANA,- V4, N4}
Vn Stul' StJ
Vo= [F(- V(- VA + H VWD + 1(- VA(- VA + -+ £V )]
V, S, (particular) V,
pathwise
pathwise
Vi fC-)

f(Sy,) =sign(S;, - S)




, f() St 1 StJ
Vi (+)
V, =
T=n4
4-0 V,
, pathwise
Astul
Ito
, f(-) nonanticipative
(+) n
4. Ito
Ito
4.1 (Existence)
f(S,t) Ito

sign (+) (-)
SiVa= n/a
T
V,= 72'

pathwise sum V,

. pathwise

Si..- Sy sign

(6) {S}

t
fof(su,u)dsu

f(-




f(-) nonanticipating

S16(S, t)S,.,- S

“ ” |t0 22)
4.2 (correlation Properties)
Ito ( )
.
e[ [ fom. naw= o, ¢ W )
nananticipating f(-) 1 .2

E[fotf(wu, u)qufOtg(Wu, u)qu]: fOtE[f(Wu,u)g(Wu Lu)]du

E[fotf(wu,u)dwu]z: E[fotf(Wu,u)zdu]

dw?’= dt
4.3 (addition)

Ito Riemann- Stieltjes

6) ( ) St

Jottesc o+ g(sv1ds,= [ f(s,0ds+ [ a(S,nds,

5. Jump Process

22




(pathwise)
jump process

Riemann- Stieltjes

process M, jumps
M, jumps

(smooth) : . VvV,

n-_1
Vo= 2 F (MM, - M{]
V, M,

V, pathwise

Ito
Ito

Ito

Ito (random sums)

(rules)

, Ito
, Ito Ito's lemma

Ito




Chapter

1. Introduction

, Ito

2. Type of Derivatives

partial derivatives(

F(Su 1) Fe=

F(Stl t)

tatal derivative
dF ;= FdS,+ F dt

F(Stl t)

F(Stl t)

)

10

dS;

IF (S, 1)

Ito's Lemma

"too erratic"
Ito
S Random Process
_ OdF (S, 1Y)
v ot

- 103 -




chain rule

dF (St _ _ dS,

T T ! t St
St F(S,t1) , t
F(S.1)
2.1 example
lto's Lemma
A chain rule Ito's Lemma
A (passing time) F(S,1)
t¢ ) F(Su 1) :
\M y dSt y
F(S,1) : chain rule stochastic equivalent
A S, :random process ,
[0, T] : time interval n (partition) ,
h
AS = ath+ oA W, k=1,2, ...
h 0 equivalence . Ito's
Lemma
A [to's Lemma Taylor series

F(x) = T(xo) + ' (Xo)(x- Xo) + %f”(xo)(x' Xo)?+ R

F(Si 1) : F(-) S, smooth

- 104 -




X . F(Stlt)

deterministic S, random process

univariate Taylor series formula two variable

ds,

( ) mean square

convergence

A F(S,1) ,
AS = agh+ o, AW
k : fixed
le. 10 Sk. 1 (a known number) ,
Taylor (Sk. 1.k- 1) ,
F(SwK) = F(Sc 1,k- 1)+ F[Se- S 1]+ F [h]+ F_lss[sk' S 1]’

1
+ [+ Falh(Se- Si. )]+ R

, R v Foo Fe Fou Fyy Fgot

kh- (k- )h=h . F(Si,K) - F(S. k- 1)= AF(K)

, Sk Sk 1= ASy )
AF(K) = FAS+ F [N+ 2F[AS] + 3 F [h]°+ Fy[haS]+R

(finite difference approximation) AS = agh+ g AW,

- 105 -




AF(K)= Fash+ oAW]+ F [h]+ = F [ah+ on W%+

S F[h2+ Fy(h) [ach+ oa W] + R

AF(k) kS, F (S, K)

First order Fn(h)

FJlach+ oA W]

second oder Cross , higher-oder

chain rule
drop chain rule
3.1 The Notion of "Size" in Stochastic Calculus
f(S) Sy

1

Af=fo(S)ASH+ 2—1!f33(80)(AS)2+ ﬁf%(AS)% R
, AS fo(Se (AS) ,
AS (AS)?
- 1.0
g.(AS)= AS

!‘
Py

A

AS. z)_.f

B
gs(&S) = [aS]?
Lo

[AS]?

1.0

- 106 -




dst?
9 )

dt

<Convention> W,

9(A W, h)
h

’ g(AWklh)

3.2 First-Order Terms
3.3. Second-Order Terms
34. Terms Involving Cross Products

35. Terms in the Reminder

4. The Ito Formula

(24) h—0

Ito Lemma : F (S 1) t

with a, : drift, ¢, : diffusion

oF

3S,

F ., 103%F
0 +—g—8%0‘$dt,

dF = ds, +

ot 2

random process S;

dW = dt

9(A W, h) :

h—0

dS,= adt+ ¢ dW,

, dS, SDE

ds?

t=>0,

- 107 -




Ito's Formula S, SDE

F(S, 1) SDE . (37) F(S,t) SDE

5. Uses of Ito's Lemma

I[to's lemma
F(S,D ¢ R |

dF (S, 1) = F S+ F dt+ 3 F goldt

F(S, 1) : dF (S, 1)

Ito's Lemma Ito
5.1 Ito's Formula as a Chain Rule

5.1.1 Example 1

Standard  Wiener process W,

FOW, = W2
drift parameter O , diffusion parameter 1
Ito formula dF .= 2 [2d] + 2wd W,

2
a(l,t)=1, o(l,t)=2W,

- 108 -




5.1.2 Example 2

5.2 Ito's Formula as an Integration T ool

Ito's Lemma

1
2

F(W,t)= = W2 , Ito , SDE

dF (= 0+ WdW,+ = dt

t 1 t
F(W, 1) = fo WAW,+ > fo ds
F(W,1) : :

t 1 1
J, wawe= 3wl S

A [to Ito
FOW, 1)
Ito F(W, 1) SDE
SDE )

(integral equation)

5.2.1 Another Example
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6. Integral Form of Ito's Lemma

Stochastic differential Ito

Ito )

t t
F(Su0=F(So0)+ [ [Fut 5 FaoJur [Fuas,
t
JidF, = F(sub- F(50,0)

: fOthdSu = - [F(Su1)- F(S,0)]+ fot [F.+ %Fssauz]du

7. lto's formula in More Complex Setting

Ito S SDE Ito F(S:1)
SDE . S, )
(multivariate case) Ito
"rare event" ) Wiener
Process , SDE
jump process F(S,t SDE

7.1 Multivariate Case

S, 2x 1 process , SDE
dSi()\= faulD\gi+ foult) o)y dWi(Y)
(dsz(t)) (az(t)) (Uzl(t) Uzz(t))(dwz(t)
ai(t) :drift, oy(t):diffusion o W(), WL(1) Wiener
process( , E[A W (1) AW,(t)]=0) . bivariate Si(t), Sy(t)
Wiener components stochastic process
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Si(1), Su() (op(t) =0,
021(t) = 0) . 2
SDE

dF (= F dt+ F5dS,+ F ¢ dS,+ %[F 55,0817+ F 55,dS,%+ 2F §5,dS,dS,],

,dSy ()%= [dh(t) + ah(D)]
dS, ()%= [652(D) + 0%(D)]
dS,(1) dS,(t) = [01u(t) oy + 022(1) 021(1) ]

7.1.1 An Example from Financial Derivatives

7.1.2 Wealth

7.2 Ito's Formula and Jumps

A “Rare event" |, Jump , Sy SDE
dS;= adt+ ¢ dW,+ dJ,
dW, : standard Wiener process

dal; : Jump

finite interval h , AJ, innovation
E[AJ] = 0(zero mean)
A ’ Z-il J = 11 21 ey (
k a(i=1,,2,..),
jumps S, Ai
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a; Pi

finite small h Ad( )

AJy= AN- [Ath(zli(aipi)]

, Ny t process
A AN, h , (value) a;
iZi:Oaipi , A
AN drifts a,
Wiener , Sy

K
a= a;+ Ati:zl(aipi)

process randomness , random
random

randomness , Ito formula
k
OF (S 0= [For AF(Scr @i~ F(Su0)pi+ 5 Fuo’ Jits FudSit e
’ d‘JF

)= [F(S,0- F(S;,9]- At[izzkll(F(Sﬁ a1 - F(St,t))pi]dt+ F dS,+ dJ;

St

S, = limS,, s<t

s—t

8. Conclusions

chapter 11. The Dynamics of Derivative Prices

- stochastic Differential Equations
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1. Introduction

1.1 Conditions on a, and g,

Si= a(S,, t)dt+ (S, t)dW, S, t

a(S, 1 a(S;, 1)
P( [ la(Sy, u)l<e0) = 1

P(LIG(SU,U)Zdu<OO)= 1

-> . drift diffusion
-> . drift
diffusion 1 (bounded variation function)

2. A geometric Description of Paths Implied by SDEs

[figure 1] :

-> 1) path
2) t, = kh ->
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-> St

heavy line
3. solution of SDEs

SDE
St

3.1 2

Sk- Sk. 1= a(Sy. 1, Kh+ o(Sc. 1, KAW, k= 1,2,-:-,n

-> random process S, . Sk

a(+),a(-)

process S,

t t t
fodsu: foa(su,u)du+ foa(su,u)dwu

S;  dS;= a(S,t)dt+ o(S;, t)dW,
SDE random process ODE
3.2

strong solution
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W,

ODE
dW, , SDE
solution I

weak solution
: SDE

S

Si=f(t, W)

-> W Wiener process

0, dt
?
-> dw, dW,
random process
S l
W, W,
W H,

dSi= a(S, 0+ o( S, Hd W,

->drift  diffusion SDE

3.3 ?

strong weak solution

a

St S

St

strong solution

Sy

Wiener process

process

drift diffusion

St

dw,

strong

d W,
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strong solution
. error process W,
SDE
W, : drift

3.4 strong solusion

process S,

t t
S,= Sy, foa(su,u)du+ foa(su,u)dwu

SDE
->
SDE
1. ODE
dt !
a: X o: given
ramdom innovation SDE
dXx ,
X = adt
[InX ]'= adt

fot[ INX ]'dX = fotadt

process

SDE
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InX ;- InX = at

1) t X

d
-> E(X 0e™) = a[X (e

2) t=0 ,

-> (Xoeao): Xo

(deterministic case)

-> St:f(a,61801tl\M)

3.5 SDE

dS,= uSdt+ ¢S;W; - Black- Scholes(1973)

initial point X g

SDE
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S¢

L 4s,= udt+ adw,

St
t 1 _ t t
fo g dS,= foﬂdU‘l' foadwu
t d t t
-> = :
fo# u 7 erm
t
-> fdqu: ol Wi- W term
0
dwW, - (time-invariant constant)
W= 0

t
1 _
-> fo S, dS,= pt+ oW,

. SDE

{(a- 5 te oWy

Si= S

-> strong solution , Ito's lemma

_ S, S, 1 9°S,
ds, = oW, AW+ —- dt+ 3 W d W
{(a- = At+ W) {(a- =)+ oWy {(a- = A+ oW}
=5, 2 AW+ Sy 2 (a- 2 Adt+ =5, ° FdW
{(a- LA+ oW}
=5, 27 T odW+ (a- = A)dt+ o o)

dS,= S adt+ gdW]

-> ODE
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3.6

S¢
dS,= rSdt+ ¢S dW,

{(r- 5 It+ oW

Si= Spe . SDE strong solution cadidate

S+ T>t t

EdS+]=E[S+lI] :

Si=e T UE[Sq]

EdSq]

(r-%oZ)T oWy
St=1[See 1le ]
S, eowT
-> S W
> Efe™]

1. Wiener process W;

oW,

Ede™]= [ o™ (wilwyldw,

2. W Wiener process

dZ = ge Mdw, + Elazedw‘dt . Ito's lemma
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t W, tl We
Z.= Zy+ cffoe‘7 dW, + fofdzed ds
E[Zo]=1
W= 0
t
WS
E[foe“ dW] = 0
t1

-> E[Z]= 1+ 0EGZE[Zs]ds

E[Z]= X,
t
_ 1
X¢{= 1+ fo > O‘ZXSdS

dxi _ 1
dat ~ 29%
1

5 ot
-> x= E[Z]=e (Xo=1)

E{S]:

1

ELS]=[See 27 ]E[Z+]

ftT[Inxt]'dxt: IT%UZdt

Inxt- Inx,= Eldz(T- t)

%GZ(T-I)
-> X1= X.* €
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(r- AT FA(T- Y
= E[S:]= [See 2 e™e?” )
(r-%oz)HoW,
-> Sl: Soe
E[Sr]=[S.e" "]
So= e ""Eq[Sy]
t=0 r
-> s= e " [S,]
4. SDE
4.1 SDE
dS,= pdt+ oW,
W: t W iener process
H, 0. t
->
Iy
E[4S]= uh

Var (4S,) = ¢’h

S M
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4.2 Geometric SDE

SDE
-> geometric process
dS,= uSdt+ ¢S, dW, - Black- Scholes
a(S,t) = uS,
o(S;,t) = 65,
-> drift diffusion t
drift S,
ds
Stt = pdt+ odW,
-> drift diffusion

drift diffusion

-> Var(Sy- Sy. )= ¢’Si. ,

-> St
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4.3 Square root process

dS= uSdt+ o/S.dW,
S

Vs

S, error term

St

4.4 Mean Reverting Process -

dS,= A(g- S- t)dt+ oS dW,

-> 5y H

[ 5] diffusion S,

45 Ornstein-Uhlenbeck process

dSt: = #Stdt'l- Gd\A/t

drift P S,

-> mean reverting SDE
0

M S

ramdom

process

diffusion
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drift diffusion

mean reverting process

random

dS,= pdt+ od W,
-> drift :

diffusion :

Ot SDE

do= A(0y- o)dt+ acdW, =>

0o
A
S
1.
2
- 12- 13
2.
F=F(S:T)

SDE  drift

d W,

diffusion
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F e

ds, [to's lemma
dF ds, dS; innovation

dF , ds, dS; innovation

Py F(S,H S,

Pi= Q;F (S, 1)+ Q,S;

Qll Q2 :
Qll QZ
dP = Q.dF + Q,dS;
S, F(S, 1)

SDE : dS,= a(S, t)dt+ o(S,, ydw,

dF , [to's lemma :

dF ;= F dt+ = F 0, 2dt+ F S,

SDE
0F ;= [Faa+ 3 Fuo 2+ F Jdt+ Foodw,
F (S,
F (S,
Q1 Q
dP,  dw, dP,
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dF . dsS; :

Q11Q2 :
dP= Q;dF ;+ Q,dS,

dP = Q[F dt+ F dS+ = F 4 o, °dt] + QuS,
le 11Q2: - FS
_ 1 2
dPT— Ftdt'l' _2FSSGI dt
It dP,
Pt
r
rP.dt
o rP . dt- odt
_ 1 2
P dt=F dt+ = F o dt
(F(Sut)- FS]=F + =Fg 0.2
g SI=Ft 5 Fs0gcs o<t

- rF+ rF S+ Ft+—lFssatzz 0

2
F=F (St

F(S7 T)=G(S:T)
) K
G(St T)= max[St- k,0]

S IF+ IF S+ F i+ —Fagi= 0

2

F(S:,T)=6G(S:,T)
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aoF + alFSSt‘l' ath‘l' a3Fss: 0, OSSI 0<t<T

F(S7,T)=6G(S:,T)

G(S; T) :
3.1
3.2 2
(
)
F F
1 2
4.1 1: 1
F(S.t)

F.+ Fo=0,0<S, 0<t<T

- 127 -




F(S.H
F(Sit)=aS- at+ B, any «a,f

dF _ _ OF _
dt ' 3S,

F(S.9

1. F(S t)=3S,- 3t+4

- 10<t<10, - 10<5,<10

2. F(S.1)=2S,- 2t- 4

1 2 F(S.1

Fi+Fs=0 F (S 1)

F(S.1) =aS,- at+ F(S.Y
t=s F(Sss) = 6- 2S;
a=-2,8=-4

F(S.t)=- 25+ 2t- 4

F(100,t) = 5+ .3t

-~ F(S.)
* F(SY)
411
F+F,=0
) F(Sh=e™
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4.2 2 2
9°F _ 5 0°F
at? T89S’
BFstFy=0

F(S,1)

F(Sul=3a (S S0+ = a (t- 1) *+ A(S- So(t- to)

d°F d°F
= .3 , =1
FRE @ s ¢
Q',B,Sovto
4 2

F(10,t)= 100+ t2
F(S,0)= 50+ S,?

F(Stlt) = -

3.

10 (S,- 4)2- 3 (t- 2)

- 10<t<10, - 10<S5<10

t= 10,F (Sy,10) = - 10 (Sy- 4) 2-
S,= 0,F(0,t)= - 160- 3 (t- 2)°
a= - ZO’B: 0180: 4,t0:2

2
2

2

192

A x*+ Bxy+ Cy?+ Dx+ Ey+ F=0
AIBICIDIEIF )
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5.1
A=C , B=0
A Xx’+A y?+Dx+Ey+F=0

(x- Xo) 2+ (y- yo) ’=R :

X2+ y e 2pX- 2Y0y+ Xol+ Yoo= R

%:A:'%=D,- zéOZE, XOZ; y°2:|:
R=0

A=C=0

5.2

B 2- 4A C<0

B=+0, x° y°

a (X- Xo) 2+ B (Y- Yo) 2+ (X~ Xo)(y - Vo) = R:

5.2.1
9x%+ 16 y*- 54x- 64y+ 3455= 0
B?%- 4AC=- 576

9 (x- 3)%+ 16 (y- 2)>= 3600

(x-3)°  _(y-2°_
40 T 23 1

5.3
B2-4AC=0
) B=0 A=0 C=0

AX2+Dx+Ey+F:0:
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54

B %2- 4A C>0

6.
gt aiF (+ aF g+ azF o+ aF ¢+ asF 4= 0
2
as - 4a;a,<0
2 _
as - 4aza,=0
2
as - 4aza,>0
3
as= 0,a;a,
2
as - 4aza,<0
6.1

4.

F(S,t)=- 10 (S,- 4)%- 3(t- 2)

13  Black- Scholes
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Black - Scholes('73)

Black - Scholes

closed form

2. Black- Scholes

a(St) = uS;
a(Sit) = ¢S t€[0, c0)

Black - Scholes

I+ IF,S+ F + 2 F, & S°=0, 0<S, 0<t<T

F(T)= max[S;- K ,0]

F(Si,t)= SN(dy) - Ke "T"UN(dy)

In(S,/K) + (r+ Elol)(T _ 1)

di= NT -t
d2: dl' oV T-t
d, L.
N (d;) = f_mf;”e 2 dx = 1,2
2.1 Black-Scholes
K,r,o T F xsxt 3

r=.065, k=100, ¢=80, T =1

N 65%, te[0,1] 80%
1, 100

[ 12 S, t F(S.,t)
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A=(130, 2)
B=F (130, .2)

aa t= 1~0, S,= 100

bb' : t= .6, S = 60~140

ce t=1, S, = 60~ 140

->K

Black - Scholes

3.

Black - Scholes

31 2
311

P = 6.F(S;,t)+ 6,5, te[0,T]
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61: 1 62:' Fs
_ 1 2
dP = Fdt + - F ot

P

)
dP,, ddt = rPdt
1 _
F- RS- 8- Fi- 5 Feudi=0
Black - Scholes
3.1.2 2
2
dD, = &t
dD, = a'dt + ¢ dW,
(dw,: )
2 D,
( : )
F( ) D

F(t)= F(S;,Dy,t), te[0,T]
SDE

dF (t) = F,dt + Fgds,+ FdD, + 3 Fgs(dS)*+ 5 F pp(dD,) 2+ F psdD,dS,
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dF (t) = Fydt + F DS, + F odD, + —= F seofdt + —= F oo dt

dP = 6.dS(t) + G,[F (dt + F DS, + F oD, + 5 F ettt + 5 F 550 clt]

61,0, dP,
?

61: - Fs, 62: 1

> dS, dD,
3.13
D, S
Dt
D, S

dD, = a,dt + ¢, dW,

ds; = a.dt + g, dW,

dS,dD, = ¢,0; dt

dP, = f,(a,dt + g, dW,)
1

+ 6,[F dt+ F g(a,dt+ g dW) + Fp(a,dt+ o, dW) + 3 F seldt+ = F opoi’dt+ F g
dw,  dw, Fso
dt dw,

dP = Bt + G,[F + Fsa + Foa + 5 F o0’ + Fop0,0, ]t

+[o(0,+ Fsb) + 520:F o] dW,

01,0,
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(Fso.+ 0.Fp)

0.= - Ot 6= 1
dpP,
4.1
ST Smin (ST - Smin)
Smin
K S hax
4.2
43 Knock-in [ ]

44 Knock- out

45

- F(S4,Sor,T)=max [0, max (Syr,Syr) - K]
- F(Syg,Sx,T)=max[0,(Sy - Sor)- K]

- F(Sy .Sy, T)=max[0,(8,Sy + 6,S,) - K]
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- F(Sir,Sor, T)=max[0,(Syr - K1),(Sor - K3)]
[ ]

46
Black - Scholes
e Black- Scholes
) knock - out
S; K,
Kt
%GIZFSS+ rF¢Si- rF+ F, =0 if S,>K,
F(St,T,K;)=max[S;- K]
Ky
F(Si,t,Ky) =Ry, if <K,
Black - Scholes
5.

5.1 Closed- Form Solutions
Black - Scholes

closed form
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closed form

closed form
F(Stlt)
CYF 4+ [F,S 4 F, + —;FSS & S%=0, 0<S, 0<t<T

Black - Scholes

ST
4
F(t) : F(t)
F(t) F(t)
t
compact formlula
F=ae™+a,
closed form
Black- Scholes Si,t,F(Si,t)
3 : 5,6
3 F xt xS,
closed form
closed form
3
52
F(S;,t) closed form
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F(Stlt)

1. 4S8
2. &
3. S

Sminéstésmax

4.
5 4s, 4
F(S;,t)
6,7
AF AF 1 o0 AF
O By SR oS 5" rF
AF ~ Fij F ij- 1
A 4
AF ~ ij ~ I:i 1j
rsS IS ~rS; Y,
AF ~ F i+ 1j ~ F ij
rs 7S rs; IS
AZF [Fi+1j'Fij Fij Fllj] 1
AS? A4S A4S A4S
521
St
St: Smax

S
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F(Sma,t) =Smm - Ke TV

St
St = Smin
F(Smin vt) =0
- t=T

F(S;,T)= max[S; - K ,0]

The famous Black-Scholes formula:

c=SNd)—Xe" Md,)
p=Xe"N(-d,)-SN—d)

where
g InS/ X)+(r+0° /2)T
= O'\E
d,=d,~oT

S=stock price, X=strike price, T=time to
maturity in years, r=risk-free rate and
o = volatility.

14. Pricing Derivative Products

- Equivalent Martingale M easures -
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PDEs

. Girsanov
: (notation) Girsanov
11 - (measure)”
z,~N(0,1)
1 >
1 S
f = ———
(2) = o7 ©
z+ %A
P(z- L 4z <E+—1A): f L o 2%y
2 t 2 -1 2r !
z ZA
-, 1 -, 1
f“M 1 27 1 -zlzzfﬂzgd
e z, = e z
2.1, V2r ! vV 2r s.1,
2 2
1 —2
1 27
= e
vV 2r 4
4, f(2)
“mass” z, “measure”
“measure” sets
R™  mapping : A dz,
measures dP(z) dP
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dP(2) = P(z- 3 dz,<z,<Z- 5 dz)

z dP(z)

+ o

[ dpzy=1

Elzl= [ _ 2.0P(z)

zZ, . ,

(probability mass) (center)
Elz- Ezd®= [ [z, E[z]1%dP(2]

1 dP

shape location

scaling | 3]
dP

Z, . (+) risk premium
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2.1 1:

Z(= 2t p.
) E[z]=0 th

E[Z]=E[z]+ pu=x
211 1

10 roll of 1 or 2
Z=4& 3 roll of 3 or 4
- 1 roll of 5 or 6

1/6

E[Z] = %[10]+§1[- 3]+%[- 1]=2

E[Z]= %[10- 1]+%[- 3. 1]+%[- 1- 1= 1

z

212 2
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triple-A -rated

E[R{= r+ E[risk premium]

M
a )
E[R]=r+a
R, r+ a
Rt
Ri= R+ p

213 3
S, t= 1,2,
St
Iy
Ry

EdSi1]>(1+1)S;

1

1+ ry EdSuad>S,

#>0 :
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7y ElSei= S+ )

©oopEopr

E[S:. 4]

s = (L)1 )

ElSw /S|

Ef1+R=(1+r)(1l+ p)

EdRI=r i+ 1

P

= _
E [(1+ ) SM]‘ S

(25)

» Ei[1+ Ry

cross-product term

- 145 -




(risk- neutral)

Rt
Ri- p=r14
22 2 :
“intact"
(probability measure)
(stochasticc processes) Girsanov
22.1 1

z

10 roll of 1 or 2
22{3 roll of 3 or 4

- 1 roll of 5 or 6

E[Z]=2

Var(z) = E[Z- EZ]%= %[10- 2]%%[- 3. 2]2+§1[- 1- 2]?

1

P(getting 1 or 2) = %—»ﬁ’( getting 1 or 2) = 4%5

P(getting 3 or 4) = %—»ﬁ’( getting 3 or 4) = %
. 1 . _ 5

P(getting 1 or 2) = 3 — P(getting 5 or 6) = =

P
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E P[Z]= 4%3][101+ %]{ 3] + [%][ 1]=1

E[-]

3. Girsanov

Girsanov

“equivalent”

Froq2_ 122 o112, 5 ¢ 4 qq2, 22 2_ 98
E "[Z] ——429[10 1]+ 33[ 1- 1]°+ 39[- 3- 1]°= 3
Z P(2)
“true” odds
"ture”
E°[-]
E[-]
“equivalent”
recoveries
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quantity .
- (1)

- 4)

3.1

z,~N(0, 1)

- 5 (2)°

dP(Zt) = —\/]2'—7[ e

zy=e" 2"
&(zy) dP(z,)

[dP(z)][&(z)] =

S‘

)
@
o
N

[dP(z)] = f;”e dz,
dP(z,)
dP(z) = dP(z)&(z))

dP(z) JZ 1
(45)

. @3)

. Girsanov

Gaussian

()
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P(z)  P(z)

P(zy)

Plz.]

dP(z,) = dP(z)&(zy)
£(z)) 'dP(z) = dP(z)

Zy

1:
Z~N(p, 1)

o

7= Z- p

T ~N(0, 1)

2 : equivalent
Z~P=N(yg 1)

£(2)
Z~P=N(0,1)

dP

3.2

_ 1
f(z1,22) = o 0 ¢

Q

[Z4,22]

Zy

Tl w)(zae w)]

0, E’[z]=0

E ﬁfzd = u

£(zy)

unique

Zyy, Lyt

di o1 ! (zy- p9)
op O (zo- #2)

- 149 -
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0= [021 O
012 0'%

| 2] determinant
| Q| = did5- %

My Mo Zyy, Zy

dP(z 1, Z2) = f(Z 4, 229 dz 1 dz 5,

Z1 Zat K1, M2 0
5(2111221) dP(thlZZI)

?

&“ »”

£z, 22) =
P(Z1.22)

dI?f(Z 10:Z20) = E(Z 1,220 dP(Z 44,29

P(Z1.22) (53) E(Z 4, 22)

dI?’(Z 10229 =
0 - Q [Z1, 224

[thl ZZII.HIZKI]

3.2.1 Note
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3.3 Radon-Nikodym Derivative

=1 £(zy)

1
/‘Zz"'fﬂz

gz)=e
|?5(Zt)

£(zy)

£(zy)

o (

£(zy)
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dP(z) = &(z)dP(z)

dP(z))
dP(z,) _
dP(Zt) - E(Zt)
derivative : &(zy) P
P derivative . derivative Radon-Nikodym
derivatives . &(z) P =
P P Radon-Nikodym derivative
&(z,) Z,
£(zy)
4 £(zy)

34 Equivalent Measures

Radon- Nikodym derivative

dP(z,) _
dP(Zt) - E(Zt) ?

dP(z)) = &z)dP(z))

dP(z,)
dP(z,)
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) dz

Radon-Nikodym derivative P dz
dz, : P P
P(dz) >0 if and only if P (dz) >0
, &(z) ) P P

dP(z) = &z)dP(z))
dP(z)) = &(z) 'dP(z)

; , (equivalent)

: equivalent

4. Statement of the Girsanov T heorem

. Girsanov Radon- Nikodym derivative £(z,)
Zy
Girsanov . [0,T] {1}
T
Et
£ = e(f‘)XUdWU_%f“XidU), te [0, T]
X l{-measurable W P Wiener
X L X
E[eﬁxid“]«m, te[0, T]
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“ 9
X ¢

(77)  Novikov

& “ 7 . Novikov

&

[to's lemma , ,
% ,dw,- L ['X2du
dé, = [eﬁ b 1[X dW]
dé,= £X [dW,
, t= 0 (76)
=1
, (79)

t
&= 1+ [exdw

t
[exaw
W iener : , EX | - adapted “
” ) 6 ’ (
t t
B exaw|1,]= [ex.dw
u<t
@1) & ( )
Girsanov
(76) & ¢
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—~

t
W= w- LX”“ te[0, T]

I, Py

IS\;(A): EP[lAET]

Wiener
A l . 14
, . Wiener W,
&, P Wiener
dW = dw,- X dt
,Ww, |, - adapted drift
& E[&]=1
Girsanov
5. A Discussion of the Girsanov Theorem
Girsanov
1 t 1 (2
7[foxudwu- Efoxudu]
&= e
o factored out.
1 X u
Xy Z
Xy=p
W= 0
1 1
— [uW- 5 ¢t
E=e”’ ?
&(zy)
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1. Girsanov Xt setting “

2. ¢ time independent . Xy
drift
3. & - E[&]=1
W, W, Wiener : drift

X, 0 drift

W, P zero drift w, P zero drift

P p W
W, - X .dt

X4 - dependent

Pr(A)= E[1,6:]= [ &dP

dP7 = &.dP

5.1 SDEs

S,  Wiener W,
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dS,= pdt+ odW, te[0, o)

W, P

2 (wy?

- 5l

s, drift  udt 0
t t
S, = #fods+ afo dw,  te[0,)
Si= ptt+ oW,

E[Sisl Sd= pu(t+ 9+ oE[Wus- W | S]+ oW= S+ us

1: S
Si= S;- pt
2 . Girsanov S, drift 0

E°[Susl S>S,

E°[Susl SI=S,

£(SY)
1 - (S Y’
-> pdf . fS: \/?O‘zt e i , SINN(ﬂt,dZt)
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1 - o (S a
-> dP(S,) = f,dS;= me ds;

1 1
— [uS:- ?/‘Zt]

- [
>&s)=e ° "
iy g - %[#S,- ?1;/1] 1 - %ﬁ(sz' #T)st
S)= &S)dP(S) = e ———e
(S) = &(S)dP(S) e t

1 2
— 2 (S)

- 1 . e 20°t dSt

QZﬂdt

, Si~N(0, ¢°t)

St W
dS,= od W,
6. Conclusion

S
e S, P P

> W
S W w
’ St “ ”
. S,

chapter 15. Equivalent Martingale Measures
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- Applications

1. Introduction
equivalent martingale measures

St Ct

1. Black- Scholes
1)
(2) F(Su 1)
(3) PDE

2. martingale

S, martingale =

Ci=E"e """ Y 'max (S;- K,0)]

1. martingale
Black - Scholes

martingale

-> equivalent martingale measure P

( ) martingale F(Si 1)
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- Black- Scholes PDE

3. PDE martingale
2. A Martingale Measure
chapter 12 PDE

equivalent martingale measure

-> Black - Scholes

2.1 The Moment- Generating Function

Y. ( continuous-time process

or generalized Wiener process )

Y, N(ut,d’) , Y,: given

S; : geometric process

S,= See"

M (A): moment-generating function

M(A) = E[e ], A:
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2.1.1 calculation

o 1 1 (erm)
Ydq _ YA 2 t
Bl e e T T o
1 (Yo )’
\ m 1 T2 st A%
Ele "]= f ———¢€ dy,
w \ 270°t
Y- pt)?
Yao o (Aput+ %ozmz) 1 - 51 { oztﬂ) + AY - (Apt+ %ozt/lz)
Ele "]= e Vi?=7Te dy,
@ o
2 2
va (/I/At+§lo‘zl/12) o 1 R %w
Ele “1=e f - € dy,
w V 270"t

(Aut+ 3 1A%

M[A] = E[eYJ]: e

Y, 1

%—I\AA = (pt+ o*t)e

Avt+ %GZI/IZ

oM _
oq la=o= mt
Y
2
M
g—ﬁzh:o: ot

2.2 conditional Expectation of Geometric Processes

martingale

E[SiS,. u<t]
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t
AY,(= Y- Y= LdYu

t
Y= Yo+ [dy,
S

generalized Wiener process
AY: N(p(t- 9),0°(t- 9)
moment- generating function

u(t- 9 + %ozﬂz(t- 9

A
M(A) = e

conditional expectatiom of a gepmatric Brownian motion

El

S
S: IS,,u<t] =E[e”"IS,] , S,: nonrandom

E[e”"]: Ele ""]-monent-generating function- A=1
(t- 9+ L 2(t- 9
E[eAY!] _ e# S 2 S
St
- E[ Su |SU]

i 9+ 5 F(t 9
or  E[S{S,,u<t]=s,e

-> geometric process

3. Converting Asset Prices into Martingale

S,= See'', te[0,c0)
Y. P Wiener process
P: S, true

(probability measure)
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equivalent probability P

P
-> martingale
S, true Y,
-> P Y. N(ut, o™
Si t
S, u<t u
St
martingale

E°[e "'S|S,, u<t]# e 'S,

E°[e "'S{S,, u<t]>e ™S,

true

process) Z,

(probability measure) (discounted

-> Z,= e "'S, ; martingale

martingale

equivalent probability measure P

E"le "sS,, u<t]= e S,

E"[ZJZ,, u<t] = Z,

: Wiener process W, with P -> new process W, with P

-> dz,

drift 0
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31 P

E Ple” "'s|S,, u<t]= e" ™S,

Sy martingale

P N(ot, %)

0 drift -> PP

E Ple """ ¥sys,, u< :

o(t- u)+ fldz(t- u)?

E Ple " Uss,, u<t = [S,e” " Ve

0= T- Elo‘ -> N((r- %dz)t.dzt) , true

0 1
-> - r(t- u)+ p(t- U)+510'2(t' u=0
E ?Te- r(t- U)Stlsu’ u<t] = Su

E "[e "'SS,, u<t] = e" ™S,
-> martingale
-> e"'s, P martingale

3.2 The Implied SDEs

SDE

\
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dY,= pdt+ gdW, te][0,co)

dS,= [See [ udt+ odW] + [Se"] 5 odt

= [4S.+ & S ]dt+ oS dW,

-> true P S,
. 1
1. drift (pet > S,
2. diffusion 05,

3. W, : Wiener process SDE

P SDE P SDE
1. drift
=0, W W,
dS, = [0S+ 5 o*S]dt+ oS d W,

o=r- %62

dS, = [(r- 5 S+ 5 o*Sdt+ 6Sd W,

= rSdt+ ¢S,d W,
-> S, martingale SDE__ drift
r_ Y75
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4. Application: The Black- Scholes Formula

Black - Schole

1
2
3.
4 S S drift diffusion geometric

Brownian motion

5.

solving PDE

0= - IF+ F 4 ISF,+ 5 0°STF , 0<S,, 0<t<T

F(S,t)= SN(dy) - Ke "7 IN(d,- oV T- 1)

IN(SUK)+ r(T- )+ 3 A(T- Y

NT-t
ds 1.
N(d,) = ;ﬂe 2" dx
equivalent martingale measure P Black - Scholes

C,= E ﬁTe- r(T- t)CT]
C:=max[S;- K,0] :

Ci=Efle " "max {S;- K,0}]
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Black - Scholes formula

Co= E"[e” ""max {S;- K,0}]

1 1 2
comr (Yo (1 5T
25T 2 dy,

Co= Ime' Tmax {S;- K,0}dP

1 1 2
co st (Yo (- 5 AT)
-> Cy= Ime_ "Tmax {SOEYT- K,O}#O)Te 20T 2 dy,

-> max
> See''=K
K
Y:=In (=
T (SO)
1 1. 2
< Y 1 C e (Y (1 m)
C:f e "T{See' - K}————c¢e dy
0 |n(%) Vv 27[62T
1 1 2
o ) v, 1 -5 (Y- (- 5 AT)
Co= Sof Mo 25°T dy-

e - €
() vV 2mo’ T

1 1 2
<o c o (Yo (- 5 )T
- Ke’ rTf —1 e 20T 2 dy
K

&) vV 2mo® T

4.1 Calculation
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= T
()
“e rTfZgD) il gy
= Ke ’Tfo:](go)_ o f;”e ElzQdZ
NT
d,

- let - In(K/Sg)= In(Sy/K)

- Black- Scholes d,

|”(%)+ (r- Elaz)T
' o/ T = %

f(x):
ff(x)dx = I_o:f(x)dx

ZQ

dz

N

o 1 -El d, 1 -
-rT 4 - T
Ke f—dQ\/Z_rre dz Ke f—m\/Zﬂe

Ke ""N(d,)

1 1 2ry2
e - = 1 - o (Y- (r- 50)T)
f e 'TS,e e T dv
K
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1
(¢}

= e’ rTe(r'fldz)T fm 1 'fl(zz'z‘iﬁ)
°J. o, Vor
IT (r- AT co Lz 1)
—e 2 o T 2 Sf 1 e 2
0 -d, V2r
H=Z- oV T

GrolT g L gw
= sofm Tae © dH= SIN(d) L di= d oV T

5. Comparing Martingale and PDE Approaches

p
e "F(S,, t): martingale
> e "F(S,t)=¢e"[e TF(S;, T)II], t<T

dle" "F(S,)]= 0 0<t

-> Black-Scholes

->

- 169 -




I[to's lemma

Ito integeal martingale

Girsanov

PDE martingale

I[to's lemma

[to's lemma

5.1 Equivalence of the Two Approaches
1.e 'S, Wiener process martingale
2. e "F(S,, 1)

5.1.1 converting e 'S, into a Martingale

SDE :
dS;= pdt+ o dW,

dle” "'s]= Sd[e "]+ e "dS,
dle ""S]= e "[y- rS]dt+ e "gdW, - (90)
-> drift 2 0 -> [p,- rS]>0 , S¢

e 'S, : martingale

Girsanov e’ "'S__ martingale R
Girsanov
- X Wi:

dW,= dX + dW, - (92)




o~

- W
dP = £dP,

_ efolx AW, - %folxzudu

&

X ¢ Girsanov

- (90),(92)
->dle "s]=e "[g- rSldt+ e "g[dW- dX ]

dle” "S]= e "[g,- rS]dt- e "gdX + e "GgdW, - (96)

- Girsanov =4 SDE

W, standard Wiener process . drift 0

martingale measure

ti- TSy

Ot

- let dX (= [ 1dt

(96) -> d[e "'S]= e "6dW : martingale

5.1.2 converting e "F(S,t) into a Martingale

e "F(S,t) F martingale

1.e "F(S,t) SDE Ito's lemma

2. Wiener process Girsanov




d[e- rtF(St,t)] = d[e rt]F + e rtdl:

e "[- rFdf+ e "[F dt+ FdS,+ 5 F coldi]

ds, 2 )
1) W, P, e s, martingale

dle” "s]= e "odW,

2) SDE
dSl = ﬂtdt + th\M

2)
die” "F (S, 1]

= e rt[_ ert] + e rt[Ftdt'l' Fs[#tdt-l- th\M] * %Fssdfdt]

= e "[- rF+F + Fyu+ %Fssdf]dt’f e "oF AW,

Girsanov theorem

dW: d\M+ dXt

die” "F (S, )]

= e rt[' rE+ F .+ Fout ElFsso‘f]dt- e rthFst te rtthde

; Girsanov

_ -rS G
- e rt[_ rF + Ft+ Fsﬂt+ ElFSSO%- O‘IFS(#ITII)]C“-I- Fse- rtdtd\/vt




=e "[- rF+F .+

- - rF+ F+ 5

martingale

-->dle” "F (S, 1)]

1

2

T F it FarS= 0

SDE  drift term

= e "gFdW,

5.2 Critical Steps of the Derivation

1. Girsanov

->
P
P

dle” "F (S, 1)]

martingale

. equivalent martingale measure

—~

(- W, P

Feoi+ FoS]dt+ e "gF AW,

e "F(S,1)

Wiener process W,

= e [~ (F+F o+ Pyt 5 Fodlldt- e "oF X+ & "oF dW,

Hi- TS,

dX (= [ o

-> Girsanov

3. e " martingale
?

. martingale

1dt :

F st
drift term g,
W, P
martinglae

Frdt

e "F(S,1)

martingale




-->dynamic asset pricing theory

->
martingale martingale
-> Girsanov W P

5.3 Integral form of Ito Formula

Ito's lemma
- e "F(S,1)
b 1 2
= F(S,00+ [e “[- rF+F+ 3Fol+ Furs,ldu
t T~
[e oFaw
— !(Fse'“du)zdu
- oy Ep[efo ]<OO
t T~
-> Girsanov Theorem  Novikov condition fOE' Yo F d W,
martingale
> e martingale
()
b 1 2 . i
i e "[- rF+F + EFSSo‘U+ F.rS,]du : martingale
-> martingale 0 drift

CF+F k2 F o+ FUS= 0 120,520

: Black- Scholes PDE

16
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Tools
- 2
2.
(
Stochastic process PDE
PDE : Matingale
generator of stochastic process
Kolmogorov's backward equation
Feyman-Kac formula
Stopping times :
2.1

Bond options :

B.
I
Caps and Floors :

B-S




SW options :

u r
t
B(u,t)= 100e " Y
Stochastic , , Ty t(
, 100

d
B(u,t) = 100E[e” " |1

t(s>t)
T-bond shock :
equivalent matingale measure
3) 3 T -bond

_ 100
B = E[mryis e ]

lrl
r,:2
r :3




(4)

3) implication ,
) spectrum
<Def> t ueft, T] spectrum
B(u,t) , Ry
spectrum {R{,u=s[t, T]}
RY
B(u,f)= 100e "0 t<u
, B(u,t)
fursds
B(u,t)= 100E[e ™ [ 1]
, @)
®) R
RY= logB(u,t)- log (100)
V=
t- u
u= t+ dt u=T
dR;
du - gu (
shock : t
R, t , random shock
random shock shift




3.1 Relating r, and R}

Is S , t s>t

u _ - urst
e g fe ]

log
- ursd
u IogE[e J S|It-|
Ri= Tu- t )
F(tu,T)= IogB(u,t_)r-_ IJ)gB(T,t) ’ t<u<T
, u T
T—t f(t,u)

f(t,u) = limF(t,u,T)

31

one factor model

R(-) Ft

R(r,u,t)=A(u,t)- C(u,t)r,
A (u,t) C(u,t)
r, SDE
dr = a(ryt)dt+ o(r, )dW,
SDE
df (t,u) = af (t,u)dt+ o(f,t)d W




SDE  dritft diffusion u

4. PDE
B-S PDE
=-F L &
= - r+Ft+rFSSt+EFSst
, T
PDE
F(Sut)=E "[e "7 'F(S;, T)]
, P : equivalent martingale measure
PDE ?,
PDE ?
PDE . (20)
?
rs stochastic : P equivalent measure :
e - f[ursds
B(u,t)= E;[100e ] PDE

generators for Ito

diffusion, Kolmogorov's Backward equation, Feyman-Kac formula

41
~ - ursd
B(u,t) = EF[100e Jres
ry SDE

dro= a(rgdt+ o(r,)dW,

, W, : wiener process




: PDE

B(u,t)
_ P ; f[uf
B(u,t)=E;[100e
f(-) :
5. Random Discount Factors and PDEs
5.1 Ito Difusions
dS,= a(S,, t)dt+ (S, t)dw, Drift
, dS;= a(S)dt+ o(S)dW,
Process
instantaneous drift  difusion t
5.2 The Markov Property
S; Ito diffusion , f() bounded

St

E[F(St+h| I = E[F(St+h| Sd,
St St+h

) St

5.3 Generator of an Ito Diffusion

f(s) , St
A f(Sy

E[f(Se ) | f

sds
f(ry)]
Diffusion S,
Ito diffusion
by t

Markov property

h>0,for all t

t S,

(s9]- f(s)

Af(s)= lim ;

- 11 -




A generator of the Ito diffusion S,

Wiener process A f(S)
54 A Representation for A
A
[to's Lemma
S, univariate stochastic process
dS,= a(Sy)dt+ o(S,)dW, te[0, o0)
operator A
of Elii
Af = 81R+ —0‘% 832
[to's Lemma
of L 1 9% 3s
df (S) = [aIE + 3 0{?]+ a5 AW
operator A
Ito's Lemma dW, drift 0
Ito's Lemma dt
54.1 Multivariate Case
X k Ito diffusion , SDE
dX a dw,
. 1t .1t thl thk . 1t
= |- |dt+ |
) ) k1 kk )
[ dX ) { Ay ot It ) | dwkt
Can, X, drift .ol X,
operator A

diffusion

- 12 -




k of k k 1 W i aZf
Af = i:zlaitaxi + ZZE(GIGI) ax iaxj

i=1j=1
55. Kolmogorov's Backward Equation

dirft a, diffusion ¢, Ito diffusion S, S,
f(Sy) :
f(s ., = E(f(S) | S ], for all t=0
f(s 1 , S t

A operator (S 1)

Komogorov's backward equation

of _ s
ot - Af
A
A _ of . 1 2 9%
Af= a, 8S+ 5 Ot 552
(39) PDE
fi= afi+ 3oy
f(S )= E[f(S) ] S] (40) PDE
«C )
(S 1) (39) PDE
. (39) , f(s™ 1)
(42)
f(s™ 1) (39) , Kolmogorov's
backward equation  stochastic process PDEs

f(S”,t)y= E[f(S) IS ]
f(-) S

- 13 -




, discount factor

55.1
l B (Sz' So)2
— 2t
P(St, So, 1) = o €
variance 1 t=10 Sy
precess SDE dS,= dW,
backward equati fi= afi+ = &2
quation = afst S aifs
a,=0
o=1
Kolmogorov's backward equation
1
fi= 212
density p(S;, So,t) f .S,
(49)
Kolmogorov's backward equation
S, So

56 The Feyman-Kac Formula

Kolmogorov's backward equation

martingale measure S,

(42)

- [atryas

f(t,r) = E[e f(ro)|rd

drift

Wiener precess

, Kolmogorov's

Wiener process
: PDE

equivalent

- 14 -




- [“q(rod
(42) LSS f(ry)

: (50)
q(re) = rs
fC-)
u

Feyman-Kac formula Kolmogorov's backward equation

(50) f PDE

<Def> The Feyman-Kac formula.

- J[‘uq(rs

f(t.r) = E[e RICPIENE all t=0

of _ e ~
S = Af- a(r)f,

, operator A
_of1 9
fi= TR o or?
Feyman-Kac formula equivalent martingale measures
PDE : PDE
f(ry :
u
56.1 ; PDE

100 , T S

u
L

d
B(u,)= E[e” " 100] r




equivalent martingale measure

r. SDE
dr,= a(r)dt+ o(r)dW, , te[o,c0).

, process Ito diffusion

Feyman-Kac B(t,u,ry)
B _ag.
S = AB- 1B
operator A
B.= aB, + ?13”- (B,  r=0; 0<t<u
t

, B(u,)= 100 PDE
(56) (60) (59) PDE
PDE

6. American Securities

Stopping time

6.1 Stopping Times

Stopping times t




>t

T stopping times

<Def> A stopping time I nonnegative
1 1, , <t ,

2. P(r<o0) =1

6.2 Use of Stopping Times

randomness ,
random . ,
F(S.)T=ETe "™ Ymax {S,- K,0}]
T
F(Su0) = sup o Efle T 'R (S, 1,2)]
, Dyt stopping
t stopping time r
F(S,t 1) spectrum
supremum

7. Extending the Results to Stopping Times

7.1 Martingales

M
E[Mul1]=M, u>0

random

T

index

- 17 -




Ty, 0y I stopping time

P(ri<rp) =1

E[M,[1.]=M,

, random r , random

7.2 Dynkin's Formula

B, process
dB,= a(B)dt+ o(B)dW,
f(By) bounded function

a stopping time  E[z7]<co ,

E[1(B.) | Bo] = f(Bo) + E[ [ Af(BIds| B,
Dynkin's formula
stopping time
operator A infinitesimal generator

8, Conclusion

stocahstic process PDEs




