f(x+e) f(x)

f(x)

lim f(x+h)-f (x) -0
n—0 h

0
Q
PQR
RP __MP
QR ~ TM
X oy

OT=0OM - TM =OM

“MP(

QR
QP

)=x-y (-3)

f(x)

f(x+e)=f(x)

f(x)
f(x)

PTM
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X

f(x)

QR=9¢e RP=a P
y-a
a
e
y Py
a
Q R
e
ol /T N M
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y =f(x) f(x)=0 y =f(x)

(xof(Xo))
y=0 X 1 y =f(x)
( x1f(x4)) y =0
y =f(x) y=0
( )
y y=f(x)

(Xo, f(Xo0))

(X1, f(X1))

1684

summa( )
s J
f(x) : () %F(X)ﬂ(X)
F (x) () F(x):ff(x)dx . () ( )dF(x)= f(x)dx

f de (x):ff(x)dx
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dF(x):dff(x)dx d f ()

F(x) f(x)
» F(x) F ()

[
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[

] 3.14x 81/4%x 2

. 19

45cm
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Ahgelolelel v . A A A Aol
el 42te] oin a1

< > (1748 )
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i f(x+)-f(x)
0
< >
< > ‘
4,
, 17
18
<
>l
f(x) [ab] , (ab)
a<x<b ,  f(x)-f(a)=(b-a)f'(x) X
1 < >
f(x) gkx)
f(b)-f(a) _ _f'(x)

g(b)-g(@) ~ g'(x)
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[Xo,X] ,

Xo<X1< X< X3 e <Xn=
: f(x)
, f(x) ,

n-1
;:of( X)X m X)) (X< X0 Xyhp)

» T(x)
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(Riemann Integral)

1. Bernhard Riemann

Bernhard Riemann lived from 1826 to 1866. Riemann's ideas concerning
geometry of space had a profound effect on the development of modern
theoretical physics. He clarified the notion of integral by defining what we now
call the Riemann integral. Riemann moved from  Gottingen to Berlin in 1846 to
study under Jacobi, Dirichlet and Eisenstein. In 1849 he returned to Gottingen
and his Ph.D. thesis, supervised by Gauss, was submitted in 1851. In his report
on the thesis Gauss described Riemann as having a gloriously fertile originality.
On Gauss's recommendation Riemann was appointed to a post in Gottingen.
Riemann's paper Uber die Hypothesen welche der Geometrie zu Grunde liegen,
written in 1854, became a classic of mathematics, and its results were
incorporated into Albert Einstein's relativistic theory of gravitation. Gauss's
chair at Gottingen was filled by Dirichlet in 1855 and, after his death, by
Riemann. Even at this time he was suffering from tuberculosis and he spent his
last years in Italy in an attempt to improve his health. Riemann's ideas
concerning geometry of space had a profound effect on the development of
modern theoretical physics and provided the concepts and methods used later in
relativity theory. He was an original thinker and a host of methods, theorems
and concepts are named after him.

1854 ‘

H

1> (Riemann Sum)

a b, fx) ab . ab
n+l , X0, X1 ... X n ,

a=x 0 X 1 X2 . X n-1 X n =
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P= X0 X1 .nni. X n ab
partition) ., ab n n+1
(a=x 0 X1 eeeene X n =b) P (partition)
P.Q P Q
Q P .
X i-1, X i (i=12..... n) Ci
fcDX1-XxX0)+fc2DX2 - X1 )+ ... +f(cn) (xn-xn-1)
(Riemann Sum)
Si,ti ’ (f
f
)
fsDX1-X0)+f(s2)(X2 - X1 )+ ... +f(sn) (xn-xn-1)
P f ( upper sum )
Xi-1, xi f Mi(Mi= max f(x ) , xi-1<x
< Xi) , f U (f:p)
U (fp)= 2 Mi(xi-Lxi)
( Lower sum)
f@DXs-xX0)+ft2)X2 - X1 )t ... +ftn)(xn-xn-1)
, f mi ( mi=min f(x) ,xi-1<x £ x1)

f

L (f:p)=gmi( Xi-1xi)
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f f
X i-1, xi ci f(t i) <f(ci)<f(si)
Xi- xi-1 0 L (fip) < if(c Dxi-1, x 1) S
F i
< > , ,
X
2> 1) 1)
S ) X
X<B
B S (bounded above) B S
S
sup S
Ex> S= 1- Un n 1
S X
A <¥x
A S (bound below) A S
S
inf S

Ex> S= 1n n 0
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3>
< > ab f(x ) , M,m
m(-a) < L (fP)<S (f:P) < U (f:P) < M(b-a)
< > f ab P={x 0, X1 ..... X n
ab .Q P PQ
P Q).
LfP) <L(FfQ) =U(FQ)<U((FP)
ab 0,10
P.Q P= 024 ... 10 , Q= 0,12......10
soest oy ot s N
Vi e
v
s b Bk £

| 3R v g & BitaP )
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L(fP) < L(FQ) < U(F:Q) < U(f:P)

( S X , X<B B S ),
f (lower integral)
. f (upper
integral) : ;
4>
0
a b f
f
b
I ox ax
1 1 f [ a,b
] (Riemann integrable) ,
f (Riemann integral) (definite integral)
U-L [ ab ]

X0 X1 ooeon X n norm

norm 0 (norm -> 0)
( 0
)
Iim0 (U-L) =0

im L = Im U

norm—0 norm—30
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S=> f(CK) xk , L=2mink x k , U=>maxk xk

L< S< U

[im L= Ilim S= Ilim U

norm—0 norm—0 norm—0
S L U . ,horm -> 0 (
) Ck
5>
f [ab] ( )
b . .
[Toos= Jms = m X fE6) xk
, Ck
X
f(x ) .
x) :
f(x ) )
f(x )
) , norm -> 0
U-L 0 )
> [ 01] f(x )= 0 (x ), fx)=1 (X
)
) P= X0, X1 oo X n [ 01]

[Xi-1, xi ] mi=0 , Mi=1

U@EP = > 1.  xi=l




L@P) =3 0. xi=

(Lebesgue Integral)

1>

2> O -
< 1> X

VI Y
) A M
ii)yn=12 .. An M
u( An)= 3 u(An)

n=1

. X

( o - algebra)

X
. 0
0
]
]
M 0,00
( positive measure)
n(A) < o,
ij@izj) Ai nAj =@
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3>
< >
o - ¥ X 00 ,00 f
o f-+ (V) M X
4> ( Lebesgue integrable)
f X f f-
f+du [ f- dy . e [f-du
, 1 X f

[(f+du [t-du % [ fdn
Lf-du Lfdu

Lebesgue
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T aylor
f(x) x-a
f(x) = Co + Ci(x-a) + Cz(x-a)* + Cs(x-a)’ + ...
Co, Cl, Cz, .. G ? X

f’(X) = C: + 2C:(x-a) + 3C3(X-a)2 + 4C4(X-a)3 +
f’(x) = 2IC: + 3IC:(x-a) + 4 3C:(x-a)" + ...
f2(x) = 3ICs(x-a) + 4ICi(x-a) + 5 4 3Cs(x-a)’ + ...

X=a , Ca .
" (3) )
G =f(@), Ci=f(@), C = -l ngglzl, v G2
Cn f . Cn
( ) f a X
f(x) = Co + Ci(x-a) + Co(x-a)° + Cs(x-a)’ + ...
c=t ™ (a)
" n!
(x-a) f
(x-a) f f x=a
Taylor , a=0 X M aclaurin
( Taylor ) a f  (n+l)
x € |

fx) =f(@) +f'@)(x-a) + f—z(%l (X-af + ... + Ln)l(il x-a)" + R(x)
( ) Ra(X)

((n+1))
R = AT gy

(, ) ne N | , Rn(X)
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Ro(x) =f(x) - f(a) +f'@@K-a) + T42) (x-af + .. + Mn)lil (x-a)"
. R | X |
g
g)F X)- f(t) - F'(O)K-1) - MZIQ X-t) -...- Mn)lil X-t)" -
X't n+l
R”(X) (X-a) n+1
gx) =0 , Ra(x) g@ =0
[ 11-9
Rolle g'(c) =0 c a X
- g(t)
g0= - e+ Raomen) — 2505
. g'(0)= R (X) Taylor
Taylor
f! (a-r, atr)
(@a-r, a+r) T aylor

(@) 4 (@ x-a)r & (eay+ @ caye.
f
lim R (x)=0

Rn(x) Taylor




(n+1)
Rn(x)= ——(C) .ay™ C
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rn(X)=f(X)-Pn(X) ,ya X

(n+1)! (a-r, atr)
( )T aylor
fx)-f () # (@) (x-a)- - - Ln)l(il (x-a)" =Rn(x)
00 (n)( )
f Z:o f n! : X’ 1)
f 0 0
f(x)=In x 1)
In(1+x)
In(14x)= nio Jn—fl)— x-1Y", -1 x 1 2)
0 x 2 -1 x-1 1 2)
In x = In(+-1)= 3, LU eayto x 2 )
3) X (x-1) 1
a X-a
20 C.x-a)y 4
4)
i a
00 (n)( )
Z:o f n!a (x-a)”
a f
a f n n
P.)=f (a) + (@) (x-a)+ %ﬂ (x-a)y+.. + Mn)lil (x-a)"
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s fx) (1+)°

((s) ):1,(§ ): s(s-l)...rg!s- (n-1))

(n) f

f(ﬁ)x -1 x 1, s<-1

1 x<1,15s 0
-1<x<1ls 0,s¢Z
x R,s Z {0}

(14x)°= i}o(z )x "

1
s =5 2 |xr
n=0\ N

,a-R x a+R

lim ra (x)=0.

(binomial series)

IR W RV RN TIE U2 RV AT RV -
‘1+2X+2!(2X2)X+3!(2X2X2)X o

1
3
n

gL Lply-2y 2, 1 gl -2\ -5
—1+3x+2!(3X3)x +3!(3X3X3)x +....
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1>

(Cyclaids)......

(Cycloids) ?

h = at

C h=at, k=a  --------m--
x=h+x"' , y=k+y'

x'= bcoss , y'=bsing

X'= -b sint , y'=-bcost = a-ee--a----
X =a -asint , y=a-acost = -----------
(epicycloid)
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(hypocycloid)
; a
b(b<a)
> )
’ ?
?
)
(Epicycloid)
(Hypocycloid)

17
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Ty .
(2 — 2 cos ) a
T _f J“ - a
I o 2ga(l — cos t}dt r‘\/;

v=V2(y — yo)

=J'# T a2 —2cost) ,] J' L l—cost _l—cost
2ag(cos g — CcOs r) cus:u—cusr

_ \/’ J 2 sin’(1/2) dr
B [2 cos*(t5/2) — L] — [2 cos?(1/2) — 1]

- \f f sin(z/2) dr
84 Veos (tg/2) — cos*(t/2)

a ("7 —2du u = cos (¢/2)
= fe ——— —2du = sin (¢/2) dr
g F=rg Wda — M ( a = cos {rn,.-"z}

o]

= 2\/}[ sm"’%] =2 |I'§(~sin“lj + sin” 1) =
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