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ARgolt k= =Al(thesis)7F Al 7HA] o] froll A WrotEof Ao ghrfar =73k

oh AA, 2= AAF o] on) 7k 943 5+ A (completely characterized)
A Ferhal A ‘o= Abgolnf et =AlVF &4 &S AS oy g
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1) Aoj® ©@n(1963)o4 & “AAF Mde EATFA (characterization of the concept
'natural number)¥} “AAG] ojm|e] EAJ5#4 (characterization of the meaning of
'natural number')& E83IA 23 itk o] Z9 FAlE A A7t AL Ee] v v}
Hetel digk ZolBg Thdloldt &o] Huhe ‘ou)'ghs ol ARRStE Ao E5S 1
sha el tigk B8k =08 FojgolA| &S 4 AvkedlA uS Ajteitt Aztsic
JeirE gyl Ags A&sAY 1 o]9e v o7t gfithd, “AAg JH(the
concept 'matural number)o]# ¥E HUE A9 9ul’(the meaning of 'natural
number)eH= XS AFEE Fo|t)
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oul= &3 EATAEE F AR F4E A

AA 11.1.2. 99 A= 2}
B =% 1L.1.3. AFEmEe &4 &
(1) wreF A4 7 Sobd, ‘AA7'9] on)= ofwg FAAA poll oA

I BRI

2) Ao R HA Al AYES 19 19319% =<l “Fato) ot 18 AT AA
5 19 gHHor AAVEIA %L WAl ti5te)"(On  formally undecidable
propositions of Principia mathematica and related system D¢ Ag] 6 (theorem VDelA]
Zi3it). o] Ay 65 Kolr] Ya FA(1931, p. 171) A 5 (theorem V)olA EE 4
% 37] <<(primitive recursive function)’} FHAAA PoAM IdszR XA
(numeral-wise expressible)s THIT AT 5= 7|EHoR 23 AFAANA HoA]=
ol 2okl 4 o]Zle] BE 1x} o] EEedA Kotk BAE Q1S Aotk ARFOE AF
¥ Z(Stewart Shapiro)t= 19| 1991/2022d A% TEgE §lx Edy 9 p. 121604 0, &
A (successor function) S(z), GIA 4k} + 183 54 ARl « & Qo T
AEAANA Al 57F B ol agk o2 o] AFFAIAE “Eehd sttt (incomplete) i
Argitt b A ARt . & Qdoj® xFelA| kv abrel] #E 1A} FHAAAIRD 2
227 4FE(Presburger arithmetic) “$Hd3}t} (complete) i Argshe o]of ‘olejgh |7
T B g o8& Vx eSS AAgE] e wlg oFeitE (It is too weak to formulate
much number theory and elementary syntax)il gt AR 29 o]ejgh Mw& “xy
2HA Aol 2 AAldE AE Aot AeHA et e FHeE 4T ¢ des
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ghal Agshs AL Aok 0, S(z), + 2L ¥4 AR .« & QdolE A= AAE 1
A ot} (T2 ALFe deides B2, WA~ Jga AZE2003)e A
A3} =2y (Computability and Logic) 24738 a5}
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ARdAoZ Bogh uE Ad o, dejo] At P2 A 5140 AF %

E =
uhel w92 (general principle)& g4 8tat7] flalM = 2 28] A&l g 5
el g Aot}

=4 .14, Feje] FoIxl (=3H#) Fd eoll oial, wkef o] on7h ojd
(some) BAAA pol o&] AAE] ERFAATGH o ou= 973
™ & (perfectly definite)d}T}.
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YA QA2 ags o r FH AfAR Zojths) ojHAE I allE
o FElF WA Yol 259 A &9l =8#el ‘=%'(discourse)d
AATEL Ar gt 1glal of7|A ‘E=Eloldt FH x| Wolgol7|E TPEE %
7] A=Ee] HFom Y do3 FEoR & UsEse ydo|th.ovii
AAge uE T WA oR SEATANY A T, P 2 &
Hzl Ze FAH Fole(Giuseppe Peano)7b 19 1889W%k =Eoll A AA|
st Aoz ‘Holx A (Peano Arithmetic)gl &&= Zlolt}, Flolx A&
AAge ulE FH o R EA FASE 3 ddal & s Aot 1
Hod Hob A AAFY] oS 5 S YAl vk B
E

8) B ¥4 o] vefaet gyt o8 EAH o wHHAA AA7b] gk FAl=
=3 A7} gltkar gt} SHAg olgl ~EE# A(Aristotle)?]  TEAE FA5 (Analytica
posteriora)’} 214 WA o2 1AEEE A4 e S =Ee] A7) givkeE He 1
T B9t} wE oju Ayl WEle F-FY=(Euclid)Z7t 92, (Elements)olA &3 =5
S 4 b glo] gr14dos Aot AMS B o, agls et s R FEd W
A S-S =] oA 7} glo] Bl

9) olBAE o3t AAA FE|ste] %A|(the pattern of material axiomatics)g tha3 #
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A FEghs FEgtE Aot LA, ol ‘FEIAAS ‘FAAA T T 9n7} obd
Ao 7 Bt}

¥ o|%(John Von Neuman)® ol #3et AW 2ZE o] (Hilbert's theory of proof)
2oNEbd el el gl g e vk gk olol disiAE 19 19319 % = ‘YA 478}

712" (The formalist foundations of mathematics)Z Za13}e}.
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& Foloja o5 olo] Hojof d=?y (What Are Numbers and What
Should They Be?Z YF-¥ H3HT 1 @3tth gu7lES o AZLe ol Ak
F(EF2 A AADY HFAEES FHe Hxo AFolr|x strh 2Ela b
EZF 283 g8|& of9A FolWla oug Hxow AAP=Ho tigt
g el “He7IES HA"= 3L Y(Hao Wang)e] 1957d % =& “4H=9
23} (The Axiomatization of Arithmetic)oll F7HE u} o}, HA Q] A=zt

oA HEINE: tha3 o] 18] AjlS S Holeal i mpol] s A

oL 3L

Ao Aol HENES AdfEe] o] AW 4 HPAola L
49l £AES 7] 93e] 19 Bolgn W@tk agn (held o E
e gew BE A9uA govA tE E ol met et a8d &
HE'e e Aolea vl Aganh 2elx XA E 188 $4S oA
Mz by ARsted e olHd oAl A S e ol AP

TAE ol WM ndd w, vEa Ze AL EE wolsolol & AU

T
[e] L
(1) 59 gadsl Ve AT MAEe] B dase A0,

o ==
(2) ZAA No| Jd2EL T2 9457 A A FAAdGUL WA, 747t
FAE F pe 2 HAE e T p 09 9 d4E F ool Sk 19
a = AUt} ol AAl o

= T
ojg] gk Aol el YAsL YA EAG A=F 2A
3

F AHd(mapping) @2 ®HA 7 (general concept)S LE3HAl dutl (£2). 22t
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o] 4= n9 A(image) p(n)S % tA] 5= p'ola IHERE p(N)S N2 FEIuth
o] 7|4 98 AA No® BE 1 Aoz A o ngshA gyt aea
ago M ol ¢hHd] B A o g wolEo Aok FUTh(f4)

(3) T MZ v2 5 o bell O, oJE] s F o B 0 GAE FEPY
aHER AP pE AR FEeld 54 AYA HYTh(§3).

(4) BE F7F v F n/l AL obdunh ek, o(V)& Ne| HEY Y
yrh, ol oF ©Etat 3 S50 Ud No| Feghs YERYYTH(£5).
sodA e #YF AU g (F) 5

pe

2=
o
x5 sAdE 738 YdE AA N e SHAqAHCR

=
g oleld A
o]
H

s 7]9e A

M

Ase] A 0% wehAn, (DA ()] HAL oWa ol
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® ‘In view of the fact that Godel's theorem applies to any system which contains
arithmetic, there would again be an arithmetical statement expressible but not
provable in this system, which we could recognilzle to be true: we should thus not
have succeeded by this means in giving a complete characteri[z]ation of the concept
'natural number".
Those who accept this view of the matter readily draw the conclusion that the
expression 'matural number' is a counter—example to the thesis that the meaning of an
expression is to be explained in terms of its use.” in Dummett(1963), p. 187: 8.

(i) ‘Everyone who is familiar with the expression 'natural number' has a perfectly clear
intuitive grasp of its meaning; but its meaning is such ... that no account of our - or
any possible — use of this expression can exhaustively explain what it is for it to
have that meaning.” in Dummett(1963) , p. 187: below 18.

(i) “We all of us have the concept of 'natural number'; but no finite description of our
use of arithmetical statements constitutes a full account of our possession of this
concept, and this is shown by the fact that we shall always be able, by appeal to our
intuitive grasp of the concept, to recognilzle as true some statement whose truth
cannot be derived from that description of the use of such statements.” in
Dummett(1963), p. 190:3.

(iv) ‘The use of a mathematical expression could be [completely] characteri[z]ed by
means of a single formal system only if the sense of that expression were perfectly
definite; when, as with 'natural number', the expression has an inherently vague
meaning, it will be essential to the characteri[z]ation of its use to formulate the
general principle according to which any precise formal characterilzlation can always
be extended.” in Dummett(1963), p.198: 15.

™) ‘“Teaching a child language is not like teaching code. ... All that we can do is to use
sentences containing the word, and to train the child to imitate that use.” in
Dummett(1963), p. 188:10.

D ‘A meaning, not reducible to use, which I attach to a word ... is something which [
can recognilz]e only in myself: [ cannot recognil[z]e in you, and I canoot tell you
how to recognilz]e it in yourself.” in Dummett(1963) ,p.190: 19.

(i) ‘describe the distinctive nature or features of in Oxford Dictionaries,
http://oxforddictionaries.com/definition/english/characterize

(vii) ‘1. Initial explanations of certain basic technical terms of the discourse are given,
the intention being to suggest to the reader what is to be meant by these basic
terms. 2. Certain primary statements that concern the basic terms and that are felt
to be acceptable as true on the basis of the properties suggested by the initial
explanations are listed. These primary statements are called the axioms or
postulates of the discourse. 3. All other technical terms of the discourse are defined
by means of preciously introduced terms. 4. All other statements of the dicourse
are logically deduced from previously accepted or established statements. These
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derived statements are called the theorems of the discourse.” in Eves(1990), p. 14:1.

(ix) ‘T should like to ask you to lend your attention to the following train of thought
which constitutes the genesis of my essay. How did my essay come to be written?
Certainly not in one day, but rather it is the result of a synthesis which has been
constructed after protracted labour. The synthesis is preceded by and based upon
an analysis of the sequence of natural numbers, just as it presents itself, in practice
so to speak, to the mind. Which are the mutually independent fundamental properties
of this sequence /N, i.e. those properties which are not deducible from one another
and from which all others follow?’ in Wang(1957), p. 150:2.

&) ‘When the problem is put in this manner, one is, I believe, forced to accept the
following facts:

(1) The number-sequence N is a system of individuals or elements which are called
numbers. This leads to the general study of systems as such (§1 of my essay.).

(2) The elements of the system N stand in a certain relation to one another, they
are in a certain order determined, in the first place, by the fact that to each
definite number n, belongs again a definite number n’, the number which succeeds
or is next after n. This leads to the consideration of the general concept of a
mapping ¢ of a system (¢2). Since the image ¢(n) of each number n is again a
number n’ and therefore ap(N) is a part of NV, we are here concerned with the
mapping ¢ of a system /V into itself. And so this must be studied in its full
generality (§4).

(3) Given distinct numbers a, b, their successors a’, b’ are also distinct; the mapping
¢ has therefore the character of distinctness of similarity (§3).

(4) Not every number is a successor n’, i.e. go(N) is a proper part of N, this
(together with the preceding paragraph) constitutes the infinitude of the
number—-sequence N (§5).

(5) More precisely, 1 is the only number which does not lie in ga(N). Thus we have
listed those facts which you regard as the complete characterization of an ordered
simply infinite system V. in Wang(1957), p. 150: 14.

& ‘.. It is remarkable that Dedekind obtained the Peano axioms entirely by analyzing
the sequence of natural numbers. What is more remarkable is, once he had
completed his analysis, he believed that properties of and theorems about natural
numbers can all be derived from his characterization. This belief has to a large
extent been confirmed by later developments. Clearly Dedekind did not look at a
great number of theorems and proofs about natural numbers to see that no other
characteristics are needed. Rather, he verified to his own satisfaction that the
sequence of natural numbers is completely determined by his axioms, and then
concluded that the axioms are adequate to the derivation of theorems as well. The
mystery is how he made his verification.” in Wang(1957), p. 153: below 5.

i) ‘(6) But I have shown in my reply that these facts are still far from being adequate
for a complete characterization of the nature of the number-sequence. Indeed, all
these facts also apply to every system S which, in addition to the
number-sequence /N, contains also a system 7 of arbitrary other elements ¢. ...
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What must we now add to the facts above in order to cleanse our system .S from
such alien intruders ¢ which disturb every vestige of order, and to restrict
ourselves to the system N? in Wang(1957), p. 150: below 20.

&ii) ‘as Kreisel has remarked, the issue concerning platonism relates, not to the
existence of mathematical objects, but to the objectivity of mathematical
statements.

For these reason I shall take as my preferred characterisation of a dispute
between realists and anti—realists one which represents it as relating, not to a
class of entities or a class of terms, but to a class of statements, ... Realism I
characteri[z]e as the belief that statements of the disputed class possess an
objective truth—value, independently of our means of knowing it: they are true or
false in virtue of a reality existing independently of us.” in Dummett(1963b), p. 146:
10.

&iv) ‘If we are concerned ... with what it is that mathematicians are talking about, we
have to think, not merely of mathematical structures, but of how they are given to
us, that is, how they are characteri[z]ed.” in Dummett(1991a), p. 53: 6.

&xv) ‘... how the senses of sentences containing terms for numbers are to
be fixed.” in Dummett(1991a), p. 111: below 6.

&vi) ‘. the application of number-words - their use to answer the questions 'How
many?' and 'How often?' - is unproblematic; since we know how to give a
satisfactory account of this aspect of their use, we need concern ourselves only with
purely arithmetical statements. And just what we cannot do ... is to characteri[z]e
completely the meaning of ‘natural number by specifying which arithmetical
statements we are prepared to assert and which forms of inference within arithmetic
we are prepared to accept.” in Dummett(1963a), p. 187: 19.

&vi) “The meaning of a ... statement determines and is exhaustively determined by its
use.” in Dummett(1973), p. 216: below 16.

(i) ‘Only in the context of a sentence does a word have meaning.” in Dummett(1973),
p. 230: 17.

xix) ‘The meaning of a statement consists solely in its role as an instrument of
communication between individuals.” in Dummett(1973), p. 216: below 11.

xx) ‘My principal target, which Wright does not mention, was the idea, perhaps far less
popular now than when I was writing, that our grasp of the concept of natural
number consists in an inner mental apprehension of 'the standard model' which, it
results from Godel's theorem, cannot be fully articulated by any formal [system P].
If, on the contrary, it consists in our mastery of the use of sentences concerning
natural numbers, the, if the concept is a [perfectly] definite one, that part of our use
of such sentences that relates to our capacity to recognilzle the truth of
number—theoretic statements ought to be capable of encapsulation in a formal
[system P]. Godel's theorem shows this not to be so: the problem was to explain
this fact without abandoning the principle that a grasp of meaning is a mastery of
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use and falling back on appeal to the illegitimate notion of a model as something
apprehended by inner intuition independently of verbal characteri[z]ations.” in
Dummett(1994), p. 335: below 16.

(xxi) ‘The mistake in the account we are considering [that Godel's theorem is a
counter—example to the use theory of meaning] lies ... in its misapplication of the
notion of a model.” in Dummett(1963a), p. 190: below 2.

(xxi)) “The account of Godel's theorem we are considering ... operates with the notion of
a model as if it were something that could given to us independently of any
description: as a kind of intuitive conception which we can survey in its entirety in
our mind's eye, even though we can find no description which determines it uniquely.
This has nothing to do with the concept of a model as that concept is legitimately
used in mathematics. There is no way in which we can be 'given' a model save by
being given a description of that model. If we cannot be given a complete
characterization of a model for number theory, then there is not any other way in
which, in the absence of such a complete description, we could nevertheless
somehow gain a complete conception of its structure.” in Dummett(1963a), p. 191: 8.

(xii) “This fact, which we know on the strength of our clear intuitive conception of the
structure of the model, we can never succeed in completely expressing [our intuitive
conception of the structure of the model] in a formal system, and this is why we can
never completely characteri[z]e the model by means of a formal system.

We cannot formally characteri[z]e the natural numbers up to isomorphism. Of
any formal characteri[z]ation, we can describe models which we recognilz]e as
non-standard.” in Dummett(1963a), p. 191: below 10.

(xxiv) ‘Second-order arithmetic [system] AR is categorical. ... [AR] has denumerably
infinite models and no uncountable models. Second-order analysis AN 1is also
categorical. ... [AN] has uncountable models and no countable models. Thus we
have the following.

THEOREM 4.12. Both Lowenheim-Skolem theorems fail for second-order languages
with standard semantics.” in Shapiro(1991/2002), p.86: 14.

(xxv) ‘The natural axiomatilzlation of all of [the basic mathematical theories] is a
second-order one: the fact that second-oder logic is not completely formali[z]able
renders the theories themselves — in first— or second-oder versions — incompletely
formali[z]able.” in Dummett(1967), p. 207:below 1.

xvi) “The incompleteness of a formal system of arithmetic means that it has
non—standard models ... it becomes natural to say that, because the formal system
fails to capture fully our intuition of this structure, it permits .. to deviant
structures.” in Dummett(1967), p. 210: below 11.

(xxvi) “What is clear is that, like any workable theory of meaning, it must have a finite
base: the knowledge that a speaker has, in knowing the language, is a finite amount
of knowledge, although it issues in the understanding of infinitely many sentences.’ in
Dummett(1975a), p.136: below 8.
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(xxvii) ‘Platonism gains its appeal from the fact that it accounts for [the] facts about
our mathematical understanding in the simplest possible way: namely by the thesis
that there really do exist such structures of abstract objects, and that we are
capable of apprehending them by a faculty of intellectual intuition which i1s to
abstract entities as our powers of perception are to physical objects.” in
Dummett(1967, p. 207: 17)

(xxix) ‘Rather, the complex phrase on which attention needs to be concentrated is
'knowing the meaning of ..."" a theory of meaning is a theory of understanding’ in
Dummett(1973/1981), p. 92: below 9.

xx) ‘. our grasp of the concept of natural number consists in an inner mental
apprehension of 'the standard model' which, it results from Godel's theorem, cannot
be fully articulated by any formal [system P] in Dummett(1994), pp. 335: below 15.

(xxxi) ‘the fact that second-order logic is not completely formali[z]able renders the
theories themselves - in first—- or second-order versions - incompletely
formali[z]able.” in Dummett(1967), p. 207: below 1.

(ocei) g0] F AFS Faekel,
‘By a "precise formal" characterization Dummett means the kind of characterization
that a formal system provides. What he is envisaging here is a characterization that
is not a "precise formal" one, a characterization in which essential use is made of a
formulation of the general principle to which he refers.” in Moore(1998), p. 107:
below 6.

‘To see how this relates to the Godel case we need only equate giving a precise
formal characterization of our use of the expression 'matural number' with specifying
a definite totality of things falling under the concept well-defined property of all the
natural numbers.” in Moore(1998), p. 116: below 2.
Coxxii) THE-o] AFES Faelel,
‘As soon as it is granted that any intuitively sound system of arithmetic merely
partially describes the subject matter to which it answers, an explanation is owing of

how the subject matter in question can possess a determinacy transcending complete
description.” in Wright(1994), p. 168: 2.

“The problem ... is that to allow that the subject matter of arithmetic is determinate
beyond any systematic description is apparently ... to admit that our understanding of

arithmetical concepts transcends any systematic description of correct arithmetical
practice.” in Wright(1994), p. 168: below 17.

‘... any attempt at a systematic characterization of that concept will fil to determine

the truth-values of statements on which the conception itself is not neutral.” in
Wright(1994), p. 168: below 8.

(xxxiv) ‘. the application of number-words — their use to answer the questions 'How
many?' and 'How often?' - is unproblematic; since we know how to give a
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satisfactory account of this aspect of their use, we need concern ourselves only with
purely arithmetical statements. And just what we cannot do ... is to characterilzle
completely the meaning of ‘natural number’ by specifying which arithmetical
statements we are prepared to assert and which forms of inference within arithmetic
we are prepared to accept.” in Dummett(1963a), p. 187: 19.

(xxxv) ‘A concept is not .. to be characterized solely by the criterion for its
application, that is, for judging whether an object ... falls under it, but also by the
criterion for saying that something holds good of everything falling under it. in
Dummett(1994), p. 336: 6.

Gxxvi) “The roots of the notions of truth and falsity lie in the distinction between a
speaker's being, objectively, right or wrong in what he says when he makes an
assertion.” in Dummett(1978), p. xvii: 6.

Goovid) - “The  argument to establish the truth of [Up] involves establishing the
consistency of the formal system. The interest of Godel's theorem lies in its
applicability to any intuitively correct system for number theory. For certain
particular formal systems, we may have a genuinely informative consistency proof;
e.g. for the most natural type of system, we have a consistency proof of the kind
first given by Gentzen, using transfinite induction up to €,. From the consistency
proof, together with Godel's reasoning, the truth of [Up] of course follows. But in
the particular case, we learn from this only the epistemologically unsurprising fact
that the particular formal system in question fails to embody everything that we
intuitively recogni[z]e as true concerning the concept of 'natural number'; e.g. in the
case mentioned, the validity of transfinite induction up to €,. What needs to be
explained, however, is the general applicability of Godel's theorem to every
intuitively correct formal system; the fact that no such system can embody all that
we wish to assert about the natural numbers. We have, therefore, to consider the
consistency proof with which Godel's reasoning must be supplemented if the truth of
[Up] is to be established as one which we know that we can give for any formal
system, provided only that it is assumed about that system that it is intuitively
correct. Such a general form of consistency proof cannot, of course, be expected to
be genuinely informative; it can only be the trivial kind of proof by induction on the
length of formal proofs with respect to the property of having a true conclusion.” in
Dummett(1963a), p. 194: 17.

(xxviii) ‘I[n the formal system .. we can embody the validity of induction only with
respect to properties expressible in the system. Once a system has been
formulated, we can, by reference to it, define new properties not expressible in it,
such as the property of being a true statement of the system; hence, by applying
induction to such new properties, we can arrive at conclusions not provable in it.’
in Dummett(1963a), p. 195: 7.

(xxxix) ‘Everyone who is familiar with the expression 'natural number' has a perfectly
clear intuitive grasp of its meaning; but its meaning is such ... that no account of our
- or any possible — use of this expression can exhaustively explain what it is for it
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to have that meaning.” in Dummett(1963a) , p. 187: below 18.

D ‘We all of us have the concept of 'natural number'; but no finite description of our
use of arithmetical statements constitutes a full account of our possession of this
concept, and this is shown by the fact that we shall always be able, by appeal to our
intuitive grasp of the concept, to recognil[zle as true some statement whose truth
cannot be derived from that description of the use of such statements.” in
Dummett(1963a), p. 190:3.

&) ‘A concept is indefinitely extensible if, for any definite characteril[z]ation of it,
there is a natural extension of this characteri[z]ation, which yields a more inclusive
concept.” in Dummett(1963a), p. 195: below 5.

&) ‘.. it might be pointed out that a formal system does not replace the intuitive
proofs as, frequently, a precise concept replaces a vague intuitive one; the formal
system remains, as it were, answerable to the intuitive conception, and is of interest
to us only in so far as it does not reveal undesirable features which the intuitive
idea does not possess. An example would be Godel's theorem, which shows that
provability in a single formal system cannot do duty as a complete substitute for the
intuitive idea of arithmetical truth.” in Dummett(1959b), p. 172: below 12.

&lii) “The intuitive conception of a valid mathematical proof, even for statements within
some circumscribed theory, cannot in general be identified with the concept of a
proof within some one formal system; for it may be the case that no formal system
can ever succeed in embodying all the principles of proof that we should intuitively
accept; and this is precisely what is shown to be the case in regard to number
theory by Godel's theorem. In this case, as we have seen, this simply means that the
class of intuitively acceptable proofs is an indefinitely extensible one.” in
Dummett(1963a), p. 200: below b.

&liv) ‘. just what we cannot do ... is to characteri[z]le completely the meaning of
‘natural number’ by specifying which arithmetical statements we are prepared to
assert and which forms of inference within arithmetic we are prepared to accept.’ in
Dummett(1963a), p. 187: below 22.

Iv) ‘[Wittgenstein] wishes, like the intuitionists, to insist that we cannot draw a line in
advance round the possible forms of argument that may be used in mathematical
proofs. Furthermore, it might be pointed out that a formal system does not replace
the intuitive proofs as, frequently, a precise concept replaces a vague intuitive one.’
in Dummett(1959b), p. 172: 21.

&Wvi) ‘" that a mathematical proof or construction is essentially a mental entity,
something that may be capable of being represented by an arrangement of symbols
on paper, but cannot be identified with it. This thesis is not intended merely as a
protest against a superficial formalism which takes no account at all of the
interpretation we put on our symbols: it is a rejection of the idea that there can
even be an isomorphism between the totality of possible proofs of statements within
some mathematical theory and any determinately specified totality of symbolic
structures, i.e. proofs within any formal system. Intuitionist language on this matter
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is, rightly, repugnant to anyone who has grasped the point of Frege's repudiation of
'psychologism', of the introduction of strictly psychological concepts into logic or
mathematics. But when the intuitionist conception is stripped of its psychologistic
guise, it can be recognilz]ed to be entirely correct.” in Dummett(1963a), p. 200: 20.

&Wvi) “The intuitionists ... were from the start hostile to formalization: for them, it is
highly unlikely that the mental constructions intuitively recognizable as proving a
statement of a given theory should be isomorphic to the formal proofs of any
calculus, recognizable as such by a mechanical procedure making no appeal to
meaning.” in Dummett(2000), p. 211: 8.

(lvii) ‘.. an understanding of the expression 'matural number' will be insufficient to
determine the criterion by which something is recognilz]ed as a ground for asserting
that something is true of all the natural numbers: and it is precisely the concept of
such a ground which is shown by Godel's theorem to be indefinitely extensible’ in
Dummett(1963a, p. 194: 5.)

(xlix) ‘1. Mathematics is not formal; the objects of mathematics are mental constructions
in the mind of the (ideal) mathematician. ... 2. Mathematics is independent of
experience in the outside world, and mathematics is in principle also independent of
language. ... 3. Mathematics does not depend on logic; on the contrary, logic is part
of mathematics.” in Troelstra(1991), pp. 8-9

M ... for scientific thinking is nothing but a fixation of the will within the confines of
the human head, a scientific truth no more than an infatuation of desire restricted to
the human mind.” in Brouwer(1905), p. 4: below 20.

() ‘Even in the most restricted science, logic and mathematics ... , no two different
people will have the same conception of the fundamental notions of which these two
sciences are constructed.” in Brouwer(1905), p. 6: below 17.

(i) ‘Language by itself has no meaning; any philosophy which in this way tried to find
a firm foundation has come to grief. ... A language which does not derive its
certainty from the human will, which claims to live on in the 'pure concept' is an
absurdity. To be able to go on talking without being caught in a contradiction or
without making a silent assumption is an art to be valued only in an acrobat.” in
Brouwer(1905), p. 6: below 4.

({i) ‘... it is easily conceivable that, given the same organization of the human intellect
and consequently the same mathematics, a different language would have been
formed, into which the language of logical reasoning .. would not fit. in
Brouwer(1907), p. 73: below 1.

(Iiv) ‘On the basis of linguistic images which accompany basic mathematical truths in
actual mathematical structures, it is sometimes possible to build up linguistic
structures, sequences of sentences, proceeding according to the logical laws. If it
turns out that such a structure can never produce the linguistic form of a
contradiction, then all the same it belongs to mathematics only in its quality of a
linguistic structure, and it has nothing to do with mathematics outside of it, such as
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ordinary arithmetic or geometry.

So the idea that by means of such linguistic structures we can obtain knowledge
of mathematics apart from that which can be constructed by direct intuition, is
mistaken.” in Brouwer(1907), p. 75: below 22.

(Iv) ‘In the system of definitions there are elements of mathematical construction which
must remain irreducible and which therefore, when communicated, must be

understood from a single word or symbol. ... A logical construction of mathematics,
independent of the mathematical intuition, is impossible — for by this method no more
1s obtained than a linguistic structure ... — and moreover it i1s a contradiction In

terminis — because a logical system needs the basic intuition of mathematics as much
as mathematics itself needs it.” in Brouwer(1907), p. 97: 13.

(IvD) “... the intuitionist can never feel assured of the exactness of a mathematical theory
by such guarantees as the proof of its being non-contradictory, the possibility of
defining its concepts by a finite number of words, or the practical certainty that it
will never lead to a misunderstanding in human relations.” in Brouwer(1912), p. 128:
below 8.

(vid) ‘Tt is true that even in intuitionistic mathematics the finished part of a theory may
be formalized. It will be useful to reflect for a moment upon the meaning of such a
formalization. We may consider the formal system as the linguistic expression, in a
particularly suitable language, of mathematical thought.” in Heyting(1957/1971), p. 4:
below 11.

(vii) ... intuitionism proceeds independently of the formalization, wich can but follow
after the mathematical construction.” in Heyting(1957/1971), p. 5: 14.

(ix) ‘Children in the elementary school understand what the natural numbers are and
they accept the fact that the sequence of natural numbers can be indefinitely
continued.” in Heyting(1957/1971), p. 7: below 15.

(%) “We do not claim for [the cardinality of natural number] any form of certainty or
definiteness in an absolute sense, which would be unrealizable, but we contend that it
is sufficiently clear to build mathematics upon.” in Heyting(1957/1971), p. 7: below 5.

(xi) ‘No amount of training will teach a chimpanzee to talk. We may suppose, then, that
the concept is latent in the child's mind, so that, while it is the training in the use of
the word which, as it were, awakens the concept, and at the same time leads the
child to associate that word with it, still it may be that no finite description of the
use of the word can exhaust what it is to have the concept. We all of us have the
concept 'nmatural number'; but no finite description of our use of arithmetical
statements constitutes a full account of our possession of this concept, and this is
shown by the fact that we shall always be able, by appeal to our intuitive grasp of
the concept, to recogni[zle as true some statement whose truth cannot be derived
from that description of the use of such statements.” in Dummett(1963a, pp. 189:
below 3.)

(xi) ‘Even in the case of a finite totality, the conception of that totality is not
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completely characteri[z]led by the way in which an object is recognilzled as
belonging to that totality: for two people might agree in their dispositions to
recogni[z]e something as belonging to the totality, and still differ on the criteria they
accepted for asserting something to be true of all the members of the totality. Still
more is this true if the totality is infinite. The question whether two people mean the
same by a certain expression, as it arises in everyday life, is not indeed entirely
definite: no doubt there are contexts in which it would be natural to allow an
agreement as to the criterion for the correct application of a predicate to imply an
agreement on its meaning; in this sense, then, we do have a unique and definite
meaning for the expression 'matural number'. In this case, however, an understanding
of the expression 'nmatural number' will be insufficient to determine the criterion by
which something is recognilzled as a ground for asserting that something is true of
all the natural numbers: and it is precisely the concept of such a ground which is
shown by Godel's theorem to be indefinitely extensible; for any definite
characteri[z]ation of a class of grounds for making an asserting about all natural
numbers, there will be a natural extension of it. If we understand the word 'meaning'
differently, so as to make the meaning of the expression 'natural number' involve, not
only the criterion for recognilzling a term as standing for a natural number, but also
the criterion for asserting something about all natural numbers, then we have to
recogni[z]e the meaning of 'natural number' as inherently vague.” in Dummett(1963a,
p. 193: below 7)

(xii) ‘the idea that by means of such linguistic structures we can obtain knowledge of
mathematics apart from that which can be constructed by direct intuition, is
mistaken.” in Brouwer(1907), p. 75: below 15.

(Ixiv) “We have a strong conviction that we do have a clear grasp of the totality of
natural numbers; but what we actually grasp with such clarity is the principle of
extension by which, given any natural number, we can immediately cite one greater
than it by 1.” in Dummett(1991a), p. 318: 14.

(xv) ‘T did not consider the concept of natural number to be itself indefinitely extensible
(as a finitist might do), nor to have the reverse property of being indefinitely
retractable; what was indefinitely extensible was, rather, the notion of a ground for
asserting something about all natural numbers.” in Dummett(1994), p. 336:1.

(Ixv) ‘.. the criterion for asserting something of all objects falling under a concept is an
essential feature of that concept’ in Dummett(1994), p. 338: below 8.

(xvi) ‘My two principal contentions were (1) that the criterion for asserting something
of all objects falling under a concept is an essential feature of that concept, but is
not automatically given with the criterion for a given objects falling under it, and (2)
that, for the concept 'natural number', the former criterion is indefinitely extensible.’
in Dummett(1994), p. 228: below 8.

(xvii) “To know the meaning of a statement is to be capable of recognizing whatever
counts as verifying the statement, i.e. as conclusively establishing it as true. in
Dummett(1973), p.227.
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(xix) ‘A mathematical statement is intuitionistically true if there exists an (intuitionistic)
proof of it.” in Dummett(1973), p.239.

(Ixx) ‘it may be the case that no formal system can ever succeed in embodying all the
principles of proof that we should intuitively accept.” in Dummett(1963), p. 200: below
5.

(xxD) ‘2 is a derivation of z from the axioms of Peano arithmetics.’

(xxi) “For each formula ¢(z) including one free variable, there exists a sentence
such that ([ ] ).

(xxii)  ‘Constructing [UP], for a given system [P], is a mechanical process;

recognilzling [P] as intuitively correct is not, and this is necessary if we are to
have any reason to regard [Up] as true.” in Dummett(1994), p. 336: below 4.
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